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Abstract
A brief review of the Fermi-Pasta-Ulam (FPU) paradox is given, together with its suggested
resolutions and its relation to other physical problems. We focus on the ideas and concepts that
have become the core of modern nonlinear mechanics, in their historical perspective. Starting
from the first numerical results of FPU, both theoretical and numerical findings are discussed in
close connection with the problems of ergodicity, integrability, chaos and stability of motion. New
directions related to the Bose-Einstein condensation and quantum systems of interacting Bose-
particles are also considered.
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I. INTRODUCTION
The goal of this paper is two-fold. First, we evaluate and summarize the most interesting
results related to the FPU model, after the seminal paper [1] appeared in 1955. Second,
we discuss new directions in the study of many-body chaos, that are related, directly or
indirectly, to the FPU problem. We hope that our analysis will help future investigations of
nonlinear classical and quantum systems of interacting particles.
Numerous attempts to resolve the FPU paradox have resulted in a burst of analytical
and numerical studies of nonlinear effects in physical systems. The primary interest of FPU
was the observation of energy sharing in one-dimensional lattices with nonlinear coupling
among rigid masses. For Fermi this study was directly related to one his first papers of
1923 [2] in which he tried to rigorously prove the ergodicity hypothesis which lies at the core
of traditional statistical mechanics. For a long time, the ergodicity was assumed to serve
as the only mechanism needed for the foundation of statistical mechanics. Specifically, by
assuming the ergodic motion of classical trajectories on the surface of constant energy, one
can expect statistical behavior of a system and apply well developed statistical methods.
In view of the result of Fermi [2], and in accordance with wide-spread expectations,
any weak nonlinear interaction between particles in a system with very many degrees of
freedom causes ergodic behavior of a system. In fact, this point is used in the derivation of
statistical distributions in the thermodynamic N → ∞ limit for systems of noninteracting
particles. Therefore, it is natural to expect that a system of 32 or 64 particles, as in
the FPU numerical study, would reveal ergodic behavior, provided the nonlinearity is not
extremely small. To the great surprise of FPU, the result was opposite: the long-time
dynamics of the studied model appeared to be periodic, with almost perfect returns to the
initial conditions. Having extraordinary intuition, Fermi noted that this effect may have
very important consequences [3]. About ten years later, two alternative explanations of the
FPU paradox were suggested, giving rise to new phenomena, the integrability of nonlinear
equations and dynamical (deterministic) chaos.
One of the discoveries triggered by the FPU results was the complete integrability of a
class of nonlinear differential equations. The first indication of this unexpected fact was due
to numerical integration of the Korteweg-de-Vries equation in 1965 by Zabusky and Kruskal
[4]. As was demonstrated, stable solitary waves (solitons) emerged from generic initial
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conditions and traveled through the media, interacting with each other without losing their
identities. This effect was suggested as an explanation of the remarkable recurrence in the
FPU model, with the claim of its closeness to a completely integrable model.
Another approach in resolving the FPU paradox was developed by Chirikov on the basis
of his criterion of stochasticity (or dynamical chaos) [5]. As was already known from the
study of nonlinear systems in applications to accelerator and plasma physics, the motion of
a dynamical nonlinear system with few degrees of freedom can exhibit strong chaotic behav-
ior. Thus, the description of these systems can be given in terms of conventional statistical
mechanics. The mechanism of chaotic behavior of dynamical systems was found to be an
exponential instability of motion for a wide range of initial conditions. The essential role
in the emergence of this kind of instability is played by interacting nonlinear resonances.
By 1965, the relatively simple criterion of resonance overlap enabled one to determine the
conditions for the onset of stochasticity for various low-dimensional systems. Therefore, it
was natural to apply the same approach to nonlinear systems of the FPU type. As a result,
the threshold of stochasticity was found analytically in Ref.[6] and later confirmed numeri-
cally [7]. According to these studies, the initial conditions used by FPU in their numerical
simulations were chosen below the stochasticity threshold, just in the region corresponding
to stable quasi-periodic motion. Above this threshold, the FPU model was shown to behave
in accordance to the original expectations of FPU, revealing strong statistical properties,
such as energy equipartition among the linear modes.
In fact, the FPU study gave birth to a new method to study the physical laws of nature.
The two first methods are well-known: theoretical and experimental physics. The new
approach was predicted by Ulam and discussed in his mathematical book [8]. Expecting
a future burst of computer technology, he proposed a new kind of synergetic cooperation
between a physicist and a computer (see, also, Ref.[9]). Apart from the normal use of
computers as a tool for the calculations of integrals, functions, differential equations, etc., the
new role for computers consists of the study of physical systems ab initio, starting from given
models and investigating their properties by varying parameters, forces, initial conditions,
etc. This kind of activity was marked in the FPU paper as “numerical experiments.” Later,
this term has been widely used by Chirikov to stress the difference of the new approach from
both theoretical and experimental studies.
The FPU problem may be treated as a perfect example of this approach. Specifically,
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first, the model was set up in the form of equations of motion. Then, “numerical experi-
ments” were performed to see how rapidly the thermalization occurs due to the nonlinear
interactions. And, unexpectedly, a new phenomenon was discovered, initiating further the-
oretical studies. Afterwards, theoretical predictions were checked and further numerical
studies gave new insight in the problem. Thus, the “synergetic” approach progresses. Since
the time of the first “numerical experiments” of FPU many physical discoveries have been
found first numerically, then explained theoretically and confirmed by real experiments. An
exciting story of first twenty years of studies of the FPU paradox can be found in the book
of Weissert [10].
II. THE FPU MODEL
The primary aim of the authors of Ref.[1] was to observe thermal equilibrium in a non-
linear string, and to establish the rate of approach to the equipartition of energy among
different degrees of freedom. In order to treat this problem numerically, the continuum was
represented by a large number of masses interacting with each other via nonlinear forces.
The corresponding partial differential equations were approximated by a linear chain of
particles of equal masses M connected by elastic springs. The linear part of the forces is
determined by the constant K, resulting in harmonic frequencies ω0 =
√
2K/M for all par-
ticles. (Following many papers we assume, for simplicity, M = K = 1). For the nonlinear
part, in Ref.[1] main attention was paid to the simplest cases of quadratic and cubic addi-
tional terms, although some alternative forms of the interaction have also been discussed.
For the quadratic force (called the α−model) the corresponding equations of motion are
x¨n = (xn+1 − 2xn + xn−1) + α[(xn+1 − xn)2 − (xn − xn−1)2]. (1)
Correspondingly, the chain of particles with additional cubic forces (called the β−model) is
governed by the equations
x¨n = (xn+1 − 2xn + xn−1) + β[(xn+1 − xn)3 − (xn − xn−1)3] (2)
Here xn denotes the displacement of the n−th particle from its original position, and the
parameters α and β are the strengths of nonlinear interactions between particles.
In the absence of nonlinear forces the exact solution can be written in the form of normal
modes Qk(t) that are essentially the Fourier representation of the displacements xn(t) (for
4
fixed ends of the chain, x0 = xN = 0),
Qk(t) =
√
2
N
N∑
n=1
xn(t) sin
πkn
N
(3)
With this representation one can see that for any initial conditions xn(0) and x˙n(0) the
energy
Ek =
1
2
(Q˙2k + ω
2
kQ
2
k) (4)
of every k−th mode is constant. Therefore, the model is trivially integrable and energy
equipartition among normal modes is not possible. As a result, the motion of this model is
quasi-periodic in time, with the discrete spectrum determined by the normal frequencies ωk,
ωk = 2 sin
(
πk
2N
)
. (5)
In the normal mode representation, the equations of motion take the form
Q¨k + ω
2
kQk = α
N∑
i,j=1
CijQiQj (6)
for the α−model (1) and
Q¨k + ω
2
kQk = β
N∑
i,j,l=1
DijlQiQjQl (7)
for the β−model (2). Here Ci,j and Di,j,l are coefficients of the complicated dependence on
the indexes i, j and l, defined by the nonlinear forces.
Having in mind the predictions of conventional statistical mechanics, the authors of Ref.[1]
expected that by switching on the nonlinear terms in Eqs.(1)-(2) [or equivalently Eqs.(6)-
(7)], energy initially concentrated in a particular mode, will flow into all other modes,
thus demonstrating the transition to equilibrium. In particular, analytical arguments were
given in Ref.[11], according to which after a long time the systems of coupled anharmonic
oscillators have to approach thermal equilibrium. Thus, it was a general belief that any
kind of nonlinearity in a system with large number of degrees of freedom would give rise to
ergodicity (see, e.g., Ref.[2]). And the latter was assumed to serve as the mechanism for the
onset of statistical behavior in dynamical systems.
The numerical studies in Ref.[1] were performed on Metropolis’ new MANIAC computer
with N = 32 or N = 64 and with sufficiently small values of the nonlinear parameters α and
β, for zero initial conditions, x0 = xN = 0. The first results refer to 1953-1954, with some
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additional runs that have been done after the death of Fermi in December 1954. Typically,
the first mode with k = 1 was initially excited, for which most details are given. The time
dependence of the energies Ek(t) of all modes was studied for many fundamental periods
T1 = 2π/ω1 (for more details, see, e.g. Ref.[12]).
To the great surprise of the authors of Ref.[1], the results of a numerical simulation
were quite astonishing. The behavior of both models was at first as expected: the energy
spread to higher harmonics but after about 1000 oscillation periods T1, the flow of the
energy into other modes stops, and the dynamics reversed, with the energy flowing back
into the first mode. This recurrence of energy was found to be almost complete, with a
decrease in energy of only about 2% of the total energy. In time, this periodic behavior
persisted, thus demonstrating the absence of the expected statistical thermalization. The
surprise was enhanced by the fact that the period of a recurrence was found to decrease
with increasing coefficients of nonlinearity. Therefore, the nonlinear effects are significant
and cannot be neglected. The time evolution did not lead to the equipartition of energy,
rather, it demonstrated the existence of “quasi-modes” consisting of a number of linear
modes. According to Tuck ([3]), Fermi became really excited about this phenomena and
thought that “something new and important might be at hand.”
A few possible reasons for this observed effect were discussed during the first stage of
the story. Initially, the accuracy of the numerics was questioned, with a hint that more
accurate calculations would show thermalization, although a very weak one. This point
was somehow supported by the observation of a non-complete return of the energy in the
originally excited mode. However, further more accurate computations of Tuck in 1961 (see
Refs.[3, 13]) revealed an even more exciting effect. It was found that at later times, the
recurrence of the energy becomes more nearly complete. Specifically, a “super period” was
found that is about 80 000 linear cycles, T1. The energy recurrence after this super period
was more than 99% of the total energy. In general, these results of Tuck, although not
discussed in the literature until much later [13], confirmed the phenomena of the recurrence
in the FPU-model.
Of special interest was whether or not the energy recurrence can be associated with
Poincare´ cycles that occur for ergodic systems. The estimate of the Poincare´ cycle for a
chain of linear oscillators was derived in Ref.[14]. This estimate shows that the recurrence
time in a chain of linear oscillators increases in an approximately exponential way with
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the number of degrees of freedom. Therefore, it is clear that the Poincare´ cycles have no
relation to the observed recurrence in the FPU-model. A careful analysis [15] of this estimate
in application to the FPU-problem shows, however, that one should distinguish the FPU-
recurrence from the Poincare´ cycles. The point is that the latter are defined for trajectories
in phase space, rather than for the energy of a system. Obviously, the energy recurrence
time will usually be much less than the Poincare´ time. Moreover, the estimate was given
for a harmonic lattice, and there is no way, apart from direct computation, to determine
this recurrence time in the presence of nonlinear coupling. This remark, however, does not
change the conclusion that the FPU-recurrence has a different nature than the Poincare´
cycles.
In view of the many discussions about the mechanism of irreversibility in the systems of
interacting particles, it is instructive to mention some of the computations of Tuck. To see
the influence of numerical errors, he performed the following check. After a few thousand
cycles, the dynamics of the model was numerically reversed by the change of time and
velocities of all particles. It was then found that 100% of the energy returns to the first
mode. This fact was underestimated in the early 1960s. Now it can be treated as a direct
(numerical) proof of the regular dynamics in the above models.
As is now well known, dynamical chaos is characterized by an exponential sensitivity
of the dynamics to the initial conditions. As a result, the unavoidable round-off errors
in numerical simulations give rise to a drastic change for individual chaotic trajectories.
Because of this exponential sensitivity and the round-off errors it is not possible to reach
numerically the initial state, unless the reversal time is very small. This fact leads to the
very important conclusion that chaotic systems cannot be treated as isolated ones since
any weak external perturbation is essentially strong (see the discussion in Refs.[16, 17]).
Therefore, this local instability serves as a mechanism for the apparent irreversibility in
dynamical systems, although any dynamical system is reversible in principal (here, we do
not discuss dissipative or noisy systems).
For about a decade after the publication of the FPU preprint, discussions of the FPU
paradox were restricted to a trivialization of the results, attempting to explain the recur-
rence effect as simply as due to numerical errors, insufficient computation time, Poincare´
recurrence or the specific choice of nonlinear forces which prevents the ergodicity. It was
still not well recognized that the FPU results initiated a new era in physics, associated with
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nonlinear phenomena.
III. PERTURBATIVE APPROACHES
The first analytical studies of the FPU paradox were described in the paper of Ford [18].
It was argued there that the absence of ergodicity in the FPU calculations may be due to the
arithmetic properties of the unperturbed spectrum determined by Eq.(5). By making use
of the perturbation theory of Kryloff and Bogol`iuboff [19], it was claimed that appreciable
energy sharing among normal modes for a very weak coupling nonlinear interaction occurs
only if the frequencies ωk of the unperturbed motion are linearly dependent (or, only if∑
kmkωk = 0 for some nonzero collection of integers {mk = 0}). As for the FPU numerical
data, they refer to the value of N as a power 2, therefore, to linearly independent frequencies
(see details in Ref.[18]). For this reason, only few (low) modes in the FPU simulation could
share the energy. Therefore, one should have multiple resonance conditions, in order to
expect widespread energy sharing. However, as was shown in Ref.[20], this idea, although
quite useful in the description of weakly nonlinear oscillations, turned out to fail to explain
the FPU paradox. Numerical experiments with many other values ofN confirmed irrelevance
of linear resonance conditions to the FPU recurrence.
The numerical data of Ref.[1] describe a relatively weak interaction between particles.
This fact has triggered analytical studies of the FPU dynamics utilizing perturbation theo-
ries. In an attempt to explain the quasi-period for the normal modes, in Ref.[21] standard
perturbation methods were examined in light of the application to long-time dynamics of
nonlinearly coupled oscillators. As is known, the main problem is the small divisors that
arise due to resonances between unperturbed oscillators. In the large N−limit the frequen-
cies become dense and the frequency differences approach zero, causing all terms containing
the small divisors to become infinite. Another problem is related to the appearance of
secular terms that are proportional to a power of time t, and, therefore, restrict the appli-
cation of time-dependent expressions to finite times. In order to avoid these secular terms,
the Kryloff-Bogoliubov method [19] was modified [21] and applied [20] to the FPU model.
Specifically, second-order perturbation theory was found to give an accurate estimate (within
15%) of the recurrence time and amount of energy exchange in the FPU problem. On the
other hand, it was revealed that for some cases numerically studied in Ref.[1], a higher-order
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analysis is required due to a relatively large nonlinearity (when the nonlinear term is of the
order of one-tenth of the linear term, in energy units). The important conclusion of these
studies is that, strictly speaking, the FPU model does not belong to the category of weak
coupling.
It was also indicated [20] that when discussing the limit N →∞, one should distinguish
two different limits. The first one considered in Ref.[22] (see the discussion following),
assumes that the length L = Na of the chain remains constant due to the decreasing
spacings, a, between the particles. Correspondingly, the effective coupling α¯ decreases with
N as 2α/N (correspondingly, β¯ = 3β/N2). In this way, by normalizing time t → tN and
the spacial coordinate z → zL−1, one can obtain the following partial differential equations:
∂2x
∂t2
=
[
1 + α¯
∂x
∂z
]
∂2x
∂z2
(8)
and
∂2x
∂t2
=

1 + β¯
(
∂x
∂z
)2 ∂2x
∂z2
. (9)
The corresponding initial conditions are prescribed over the range 0 < z < 1 as x(z, 0) =
x0(z) and ∂x/∂t|t=0 = 0.
The other possible limit assumes the parameters of the chain are constant. Therefore,
as N → ∞, the length L becomes infinite and the frequency spectrum becomes dense.
This is the limit typically discussed in the literature, especially, for the study of irreversible
processes. One of the main questions is how the statistical properties of this system depends
on the number N of interacting particles.
As is shown in Ref.[20], the phenomenon of recurrence in nonlinearly coupled oscillators is
quite robust. Namely, asssuming the coupling constant in Eq.(1) to be different for different
particles (a kind of imperfection), one can “kill” the recurrence only with a sufficiently strong
imperfection. This important fact indicates that the FPU recurrence is not an artifact of
the chosen forces between particles.
The meaning of the FPU recurrence and its relevance to the problem of ergodicity was
thoroughly discussed in Ref.[23]. Taking the results of FPU to be fundamental, it was
suggested that ergodicity may not be required for the onset of thermalization in dynamical
systems. In fact, this was a new insight into the problem of the foundations of statistical
mechanics. In support of this point, it was noted that even a completely integrable system
of linearly coupled oscillators shows a kind of thermalization for generic initial conditions.
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Specifically, after initially exciting one particular mass in the linear chain, one can observe
an effective energy sharing among all particles. Having this analogy in mind, the authors
of Ref.[23] performed an analytical study of energy sharing between linear modes in the
α−model (1) with 2, 3, 5 and 15 oscillators. One of the results of this analysis was a
modification of the resonance condition obtained previously in Ref.[18] required for strong
energy sharing,
∑
mkωk <∼ α, where mk are nonzero integers which depend on the particular
coupling used. It was also found that, apart from this condition, strong energy sharing
occurs for only certain initial conditions, not for all conditions. As a result, it was concluded
that the dynamics of the FPU model may be consistent with the existence of additional
integrals of motion; however, one can still speak about thermalization. To check this, the
distribution of linear mode energies Ek = Q˙
2 +ω2kQ
2 was obtained numerically for n = 5 by
examining the time dependence of Ek(t). A very good correspondence to the exponential
dependence was found, in accordance with the predictions of statistical mechanics.
Thus, a new approach to thermal equilibrium problem was suggested: instead of the
search of the ergodicity, one should study the conditions for strong energy sharing between
normal modes. Moreover, it was suggested that in addition to the total energy, other
integrals of motion may exist. At least one integral of motion was indicated to exist [23],
due to a peculiarity of the model (the unperturbed part is purely linear, unlike many other
examples for which in the absence of perturbation the unperturbed motion is nonlinear, see
the discussion following).
A new viewpoint according to which typical nonlinear systems are non-ergodic, has found
rigorous confirmation based on the extensive mathematical studies of Kolmogorov, Arnold
and Moser (KAM theory, [24, 25, 26], see, also, in Ref.[27]). In 1954 Kolmogorov formulated
the theorem that states that a weak nonlinear perturbation of an integrable system destroys
the constants of motion only locally in the regions of resonances. In other regions of phase
space, a set of points of positive measure remains for which quasi-periodic motion persists.
This effect occurs for quite generic conditions on both the unperturbed motion and the
type of perturbation. Loosely speaking, these conditions are as follows: the unperturbed
system has to be nonlinear and the perturbation has to be weak enough and with a sufficient
number of continuous derivatives. In the first proof of Arnold of Kolmogorov’s theorem [25],
for technical reasons, the number M of derivatives was assumed to be vary large. However,
in subsequent studies by Moser [26], the minimal value of M was significantly reduced
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(see, also, Refs.[16, 17] where corresponding estimates of this number were discussed and
improved). Although a direct application of KAM theory to the FPU model is questionable
(see the discussion following), the main result according to which one should not expect
the ergodicity for a weak nonlinear perturbation, was essential for the acceptance of a non-
ergodic dynamics in nonlinear lattices.
Another perturbative approach has been suggested in Ref.[28]. It is based on the concept
of Birkhoff-Gustavson normal forms as approximations to the Hamiltonians of the FPU
lattices. Using these forms, one can show that for weak nonlinearity the motion of the FPU
model is near-integrable. Further developments of this approach are reported in Refs.[29, 30]
where the role of discrete symmetries and resonances was examined in great detail. In was
also claimed that with the use of normal forms, the KAM theorem can be verified.
In view of the KAM theory, it is important to mention the paper [31] in which energy
sharing and equilibrium were numerically studied for a chain of particles with elastic col-
lisions. Specifically, in addition to linear forces between particles, elastic collisions were
assumed caused by the finite diameters of particles. In contrast to the recurrence dynamics
in the FPU model, in Ref.[31] behavior that can reasonably be described as ergodic was
found for N = 3 up to N = 32 particles. This ergodicity was ovserved both in the equipar-
tition of the energy among all linear modes, in the time average, and by a rapid relaxation
to equilibrium with the predicted values of temperature and pressure. This result was ex-
tremely important for the understanding that the type of interaction between particles plays
an essential role. As was understood later, the numerical data of Ref.[31] are in agreement
with a rigorous proof by Sinai [32] of ergodicity for a system of hard spheres with elastic
collisions contained in a box. Moreover, apart from ergodicity, mixing was proved in Ref.[32]
which currently is considered as the most important property of dynamical chaos. Note that
mixing automatically implies ergodicity.
IV. INTEGRABILITY
Inspired by the FPU paradox, in 1962 Zabusky analytically studied the continuous limit
(8) of the α−model (1). He found an exact analytical solution for fixed initial conditions
which turns out to break down at time tc ∼ 1/ǫ¯. At this time, the first derivative xz develops
a discontinuity, therefore, xzz becomes singular. This means that the long-time dynamics
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of the FPU cannot be approximated by the differential equations (8). On the other hand,
for time scales less than the breakdown time tc the comparison of the analytical solution
with numerical data of Ref.[1] was reasonable. As was found in [22, 33], this critical time tc
corresponds approximately to the time at which the energy in the second mode reaches its
first maximum (if only the mode with k = 1 is initially excited).
Further analysis [33] showed that to study analytically what happens in the related
continuous model, one must include the higher spatial derivatives that were omitted in
taking the lowest continuum limit (8)-(9). To do this, one should use the following Taylor
expansion of spatial and temporal differences:
xn±1 − xn =
[
±axz + a
2
2
xzz ± a
3
6
xzzz +
a4
24
xzzz...
]
z=zn
(10)
where a = L/N and x(z) = xn, z = na. Therefore, the corresponding equation for the
beta−model takes the form
∂2x
∂t2
=

1 + β¯
(
∂x
∂z
)2 ∂2x
∂z2
+
a2
12
∂4x
∂x4
(11)
which descibes shallow water waves in classical hydrodynamics (see the discussion in
Ref.[34]).
For traveling waves in one direction only (e.g., to the right), one can approximately derive
the equation
∂u
∂τ
+ u
∂u
∂ξ
+ δ2
∂3u
∂ξ3
= 0 (12)
which is known as the Korteweg-de Vries (KdV) equation [35]. Here u = ∂x/∂ξ, ξ =
z − c0t, τ = ǫ¯⋆t, ǫ⋆ = 12 ǫ¯c0, and the velocity c0 in our units is 1. The parameter δ2 = a/24β¯
is the dispersion which plays an essential role in discrete lattices.
Apart from shallow water waves, the KdV equation is used to describe hydromagnetic
waves in cold plasmas, ion-acoustic waves and long waves in anharmonic crystals (for ref-
erences see Ref.[34]). Numerical study [4] of this equation in 1965 (see, also, Ref.[36]) has
led to the discovery of solitary waves (or solitons), nonlinear waves that propagate through
the media without changing their form. Specifically, it was observed that starting with the
simplest initial condition [x(z, 0) = C sin πz with x˙(z, 0) = 0], solitons appear and strongly
interact with each other, however, after interaction they preserve their identities. This re-
markable property of stability of solitons (see, also, Ref.[37]) was treated as an indication
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of the existence of a large number of integrals of motion. Due to the direct relevance of
the KdV to the FPU model, the authors of Ref.[4] proposed that the recurrent dynamics in
FPU lattices may be explained in terms of solitons as well.
The numerical discovery of solitons [4] has attracted much attention to the KdV equation
and triggered extensive analytical studies. In particular, in Ref.[38] it was rigorously shown
that two solitons keep their shape after interacting, and specific methods were proposed
to prove the stability for the general case of any large finite number of solitons. Further
heuristic methods were developed in Ref.[39] to predict the number and speed of solitons
emerging from arbitrary initial conditions. Later, a nonlinear transformation between the
KdV equation and another nonlinear equation [namely, by changing the term uuz by u
2uz in
Eq.(12)] was found in Ref.[40]. After this, a rigorous method for solving the KdV equation
was developed in Refs.[41, 42], by reducing the original nonlinear problem to a linear one.
As a result, complete integrability of the KdV equation was proved for fixed boundary
conditions. Similar properties of the KdV equation with periodic boundary conditions have
been found numerically in direct numerical simulations [36].
This remarkable integrability of the KdV equation was used to propose that similar
properties may occur in nonlinear lattices. Thus, in Ref.[43] a nonlinear model (Toda-
lattice) was introduced (see, also, Ref.[44]) with nearest neighbors interacting through the
following potential:
U(z) =
a
b
e−bz + az, (13)
where a and b satisfy ab > 0. The corresponding equations of motion have the form,
x¨n = a
[
e−b(xn−xn−1) − e−b(xn+1−xn)
]
. (14)
Formally, this lattice reduces to a harmonic lattice with the spring constant κ = ab in
the limit b → 0, keeping ab = const. One can also see that this model corresponds to the
α−model (1) when α = −b/2. Moreover, in the limit as b→∞, the Toda lattice reduces to a
hard sphere systems. Therefore, the model (14) covers two extreme limits of the interaction,
from harmonic to hard-sphere.
The first indication of the integrability of the Toda lattice appeared in numerical data
of Ref.[45]. It was shown that for N = 3 the trajectories cross the Poincare´ section in a
way that the corresponding points lie on smooth curves. No evidence was found of regions
with scattered points that is typical of integrable systems. Moreover, when studying the
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divergence of neighboring phase trajectories, linear separations of the trajectories were al-
ways observed. This fact is indicative of the stability of motion, unlike the opposite case of
unstable motion for which the separation of trajectories increases exponentially with time.
Similar behavior was found for N = 6 particles. Later, it was rigorously proved [46] that this
lattice with periodic boundary conditions has N integrals of motion. Even the initial value
problem can be solved for an infinite Toda-lattice by using the inverse scattering method,
if the motion is restricted to a finite region of phase space; see details in Ref.[34]. It is
important to stress that the integrability of motion in the Toda lattice does not prevent
energy sharing among the linear modes (defined in the absence of nonlinearity). As was
shown in Ref.[45], energy sharing increases with an increase of nonlinearity. Therefore, good
statistical properties can appear in completely integrable systems, provided the number of
degrees of freedom is large, but not for all quantities.
As a result of the very impressive discovery of integrability of the KdV and Toda lattices,
it was often assumed (and this opinion still persists in some publications) that the FPU
paradox was fully resolved by the concepts of integrability and solitons. However, the reality
turned out to be even more exciting because of the direct relevance of the FPU problem to
the dynamical chaos.
V. STRONG CHAOS
Analytical treatment
Another approach to the FPU problem is based on the concept of dynamical chaos.
For about ten years after 1955, an understanding of the fact that dynamical systems with
few degrees of freedom may manifest quite strong irregular motion, turned into systematic
studies of “stochasticity.” This term was used to relate the irregular motion of completely
deterministic systems to that known for physical systems which are governed by stochastic
forces. Currently, two other terms are widely accepted, dynamical chaos, and deterministic
chaos. These terms more correctly emphasize the purely deterministic nature of chaos. This
is in contrast to conventional statistical mechanics which assumes, ad hoc, a probabilistic
description of systems due to their underlying “randomness”. For a long time, the problem of
establishing the conditions under which statistical mechanics is valid, was one of the central
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problems in theoretical physics. The concept of dynamical chaos solves this problem, a fact
which is still not well accepted by physicists although, is quite familiar to mathematicians.
According to the modern viewpoint, classical statistical mechanics can be considered as a
particular case of classical mechanics which describes both regular and chaotic dynamics.
Thus, a statistical description, being useful and important, is an approximate one, and can
be deduced from dynamical equations of motion under the conditions of dynamical chaos.
One of the important studies of the problem of foundation of classical statistical mechanics
is the work by Krylov [47]. In his book, he analyzed the mechanism responsible for statistical
behavior of dynamical systems, which is the exponential instability. By this term one means
that the separation ∆(t) between two neighboring trajectories (in phase space) for generic
initial conditions increases in time exponentially, ∆(t) ∼ ∆(0) exp(ht). Here, the rate of
the instability, h, is called the “dynamical entropy”. Later, this quantity was rigorously
studied by Kolmogorov and Sinai and it then assumed the name “Krylov-Kolmogorov-Sinai
entropy” (KS-entropy). The positiveness of this quantity, h > 0, currently is used as the
definition of dynamical chaos. Due to this instability, the dynamics of a system is extremely
sensitive to its initial conditions, thus leading to mixing and other statistical properties (for
details see, for example, Refs.[17, 48]).
Numerical and analytical studies of dynamical chaos were strongly influenced by acceler-
ator physics. As is known, the motion of charged particles in circular accelerators is affected
by forces due to external magnetic fields that are required for the focusing of particles in a
stable orbit. On the other hand, since the particles perform many revolutions (107 − 1012)
around a ring, nonlinear forces, although weak, are important for a long-term stability of
particle motion. Early studies of nonlinear resonances in accelerators in 1956-1959 have led
to the understanding that they can result in a kind of irregularity of motion. To the best
of our knowledge, the first observation of this effect refers to the report [49], in which the
authors numerically studied the motion of electrons in a periodic electromagnetic field. Sim-
ilar problems of stability have emerged when studying the motion of electrons in magnetic
traps (see the references and discussions in Refs.[16, 17]).
The analysis of the stability of motion of particles in the presence of nonlinear pertur-
bations has led Chirikov in 1959 to the concept of the overlap of nonlinear resonances [5].
This term refers to the situation when nonlinear resonances strongly interact with each
other. Specifically, it was found that when the nonlinearity is weak, one can consider any
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particular resonance separately, making use of perturbation theories. However for a strong
nonlinearity, the resonances cannot be treated separately because in the frequency space (or
correspondingly, in action space) they are very close to each other. Thus, the overlap of
resonances gives rise to the onset of a specific instability which leads to irregular (chaotic)
motion. The analytic estimate for this overlap, known as the Chirikov criterion, turned
out to be very effective for determining the conditions under which the dynamical chaos
occurs in nonlinear systems [17]. Results of the first experimental studies of the nonlinear
resonances, their interaction and the onset of stochastic motion in electron-positron storage
rings were reported in Refs.[50, 51].
The application of the overlap criterion to the FPU model (2) has been reported in Ref.[6].
According to Eq.(7), there are two kinds of nonlinear terms. The term with i = j = l on
the right-hand side plays a specific role and can be written separately,
Q¨k + ω
2
kQk
[
1− 3β
4N
ω2k
(
2− ω2k
)
Q2k
]
=
β
8N
∑
m
Fkmcosθkm, θ˙km = ω¯km. (15)
Here ω¯km are the exact frequencies (including perturbation terms) of oscillations of normal
modes that slowly depend on time. One can see that the selected term determines the
nonlinear correction
(δω)k = − 3β
8N
ω2k
(
2− ω2k
)
< Q2k > (16)
to the linear frequency ωk. Even when small, this correction cannot be neglected since it
depends on the energy of the k−th normal model. Note, that (δω)k can be obtained in
first order perturbation theory, by averaging < Q2(t) > over the period of the unperturbed
motion.
The equations (15) describe the motion of nonlinear oscillators under the influence of
external forces with amplitudes βFkm/8N . The spectrum of the perturbation due to these
forces is given by the resonance frequencies ωkm = 2 sin
π(k+2m)
2N
with integers ±m = 0, 1, 2, ...
[6]. For small values of k ≪ N (low modes corresponding to acoustic waves) the separation
between resonances in frequency space is ωk+1 − ωk ≈ 2π/N . Therefore, if nonlinear
oscillations of a particular normal mode such as the maximal shift of frequency is much less
than ∆ω, then one can neglect the influence of neighboring resonances. In this case one can
obtain the width, ∆Ω, of a nonlinear resonance by keeping one resonance term only. The
resonance criterion states that if ∆Ω is of the order or larger than the separation
∆ω = ωk+1 − ωk (17)
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between neighboring resonances, then trajectories can no longer be associated with a partic-
ular k−resonance and can wander between these two resonances. This transition from one
to another resonance occurs in a quite irregular way, thus resulting in a kind of diffusion
in frequency (or in action) space. In this case strong energy sharing between resonances is
expected.
For acoustic waves with ∆ω ≈ 2π/N the critical perturbation for the resonance overlap
is defined as [6],
3βcr
E
N
∼ 3
√
∆k
k
(18)
where E is the total energy of the lattice, therefore, E/N is the energy per normal mode,
and ∆k is the number of initially excited modes around the central k−mode. Here, units in
which the distance between particles is fixed, a = 1, are used, therefore, the length of the
chain is L = N .
For the case in which high (optical) modes are initially excited, N − k ≪ N , the critical
perturbation is given by the estimate [6],
3βcr
E
N
∼ 3π
2∆k
N2
(
k
N
)2
. (19)
Note that in this case the mean frequency spacing between nearest resonances is much
less than that for low normal modes, ∆ω ≈ π2/2N2, see Eq.(17). For both acoustic and
optical cases, the quantity 3βcr
E
N
≈ 3βcr
(
∂x
∂z
)2
m
is the nonlinear term in the corresponding
continuous model, which serves as a control parameter of perturbation.
The above estimates determine the “stochasticity border” for the β−model. From the
condition (18) one can see that for the lowest value k = 1 (the most studied case in the FPU
model [1]), one must have a very strong perturbation in order to observe the non-recurrent
behavior. Indeed, the nonlinear term in energy units in numerical studies of FPU has never
exceeded 10%, therefore, the system was well below the stochasticity border. This explains
the FPU paradox. On the other hand, from the estimate (19) for high modes with k close
to N , the critical value of the nonlinear parameter β is relatively small and one can easily
observe irregular motion with strong energy sharing among a large number of high modes.
In fact, in a few runs of FPU with higher modes, one can see a more complex dynamics, and
according to the expression (19), the parameters used in Ref.[1] approximately correspond
to the border of stochasticity. It was stressed in Ref.[6] that the border of stochasticity
between quasi-periodic and stochastic motion is not sharp. Rather, it is relatively wide and
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has a very complicated structure. For this reason, a strong dependence on initial conditions
is expected in the transition zone.
The analytical estimates obtained above refer to the overlap of two nearest resonances
with k and k+1. Therefore, they give the conditions for the onset of local stochasticity, and
should not be treated as the threshold of widespread sharing of energy between all linear
modes. The analysis [6] shows that when only a particular k−mode is excited, the stochastic
exchange of energy occurs to higher modes as well, at least for some group of initial linear
modes. Indeed, with the flow of excitation in k−space from low to higher k, the border of
stochasticity decreases with increasing k, see Eq.(18). It is interesting to note that, unlike
the case of acoustic waves with k ≪ N , if high optic modes are initially excited, strong
sharing between acoustic and optical modes occurs provided that low modes initially have
a small amount of energy.
Based on the resonance overlap approach, a specific study has been performed in Ref.[52]
for the α−model (1). The analytical treatment has shown that this model appears to be
much more stable than the β−model. This is due to the fact that the nonlinear correction
for linear frequencies in the first order of perturbation theory vanishes for the α-model [see
Eq.(6)] and one needs to consider the second order approximation. Also, it was found that
the most favorable conditions for the onset of stochasticity in this model occur when initially
the modes with k ∼ N/2 are excited. To compare with, both the limits of k ≪ N and k ∼ N
turn out to be more stable. In general, the analysis of Ref.[52] indicated that the α−model
may be quite close to being integrable and further numerical studies have confirmed this.
Numerical data
Extensive numerical studies of the α−model have been performed in Refs.[7, 53, 54]
exploring the above analytical predictions. As was discussed in Ref.[6], the most important
property of stochastic motion is the exponential instability of trajectories with respect to
a small change of initial conditions. To measure this instability, it was proposed to use
the existence of the additional integral of motion in the FPU-model, namely, parity. As is
clear from equations of motion, for fixed boundary conditions, x0 = xN+1 = 0, there is no
interaction between the even, k = 2, 4, 6, ..., and the odd, k = 1, 3, 5, ..., modes. Therefore,
when only odd modes are initially excited, the energy of the even modes has to be zero.
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However, in numerical experiments [7] it was unexpectedly observed that when exciting the
first mode with k = 1, the energy of even modes is not exactly zero, and moreover, this
energy increases with time. Above the border of stochasticity the rate of this increase was
found to be exponential, until the energy of the even modes approaches the energy of the
odd modes. The mechanism of this phenomena is due to round-off errors (of the order of
10−19) which cannot be avoided in numerical studies. One should note that these errors
are not random since they are determined by a particular fixed algorithm. Therefore, they
should be treated as a kind of dynamical perturbation which is not included in the original
equations of motion. As a result, the energy of the even modes can be considered as a
distance (in energy space) between two close trajectories. This concept was found to be
very useful for determining the degree of instability.
Given, after some initial time, a small amount of energy in the even modes (∼ 10−14 of the
total energy), the rate of instability for the β−model (2) has been numerically computed as
a function of the model parameters. Three regions of initial conditions have been examined:
small modes with k = 1 or k ≪ N , high modes with k <∼ N , and the intermediate region
with k ≈ N/2. In all of these cases quite good correspondence with the analytical estimates
of Ref.[6] has been found. Specifically, for perturbations below the critical value, the rate of
instability was approximately zero. This was in significant contrast to perturbations above
the border, for which strong exponential instability was easily observed. In order to be sure
that the numerical method used in determining the border is not an artifact, an additional
check was done for two trajectories belonging to the same parity. The results were found to
be analogous to those obtained from the energy increase of the even parity modes.
In order to study quasi-periodic oscillations for normal modes involved in the dynamics,
in Ref.[55] the possibility of describing a recurrence using truncated equations of motion
was analyzed. It was found that for typical FPU conditions the dynamics of the model can
be essentially described by a few equations for the modes close to the initially excited one.
Namely, when exciting the mode with k = 15 for N = 32, three (with k = 14− 16) and five
( with k = 13− 17) coupled equations have been examined numerically.
The important question studied numerically in Ref.[7] is the dependence of the rate h of
instability on the perturbation parameter β. As expected from the predictions of Ref.[56],
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for large values of β the dependence
h ≈ ∆ω ln β
βcr
(20)
has been found to correspond to numerical data, with ∆ω as the mean distance between
the unperturbed frequencies, see Eq.(17). On the other hand, when the perturbation was
not very strong, the dependence turned out to be very different and it can be fitted as
h ≈ ∆ω(β/βcr)4/3. It was proposed that for a weak enough perturbation, the instability,
being exponential, is due to high order resonances. Although these resonances are more
dense, the diffusion among these resonance is much slower. Therefore, apart from the strong
stochasticity (chaos) determined by the overlap of main resonances (due to the first order of
perturbation theory), one can speak about weak chaos which can also lead (on much larger
time scales) to strong energy sharing between normal modes (see Sect. VII).
In addition to the instability of motion, in Ref.[7] other statistical characteristics of the
dynamics have been studied as well: energy sharing among modes, the time dependence of
the energies of each mode, time correlations < xn(t)xn(t+ τ) > and < Ek(t)Ek(t+ τ) > for
displacements and energies, as well as correlations between energies of different modes. The
results strongly support the onset of strong chaos above the border as analytically predicted
in Ref.[6].
An additional numerical study has been reported in Ref.[53] (see, also, Ref.[54]) with
higher accuracy and a larger number of particles (up toN = 500). These new data confirmed
the main findings of Ref.[7] concerning the border of stochasticity. Moreover, the exponential
dependence (20) for the rate of exponential instability was also supported by these data.
One of the new observations was the existence of an initial time scale on which a non-chaotic
excitation of modes different from the initially excited one occurs. After this initial time, a
stochastic exchange of energy begins. Therefore, it was proposed to modify expression (18)
for the stochasticity border by using larger values of k due to this effect. This effect seems
to be relevant to the emergence of solitons that occurs in the Toda lattice. Therefore, the
following picture seems to be more correct: first, an initial regular dynamics occurs in the
model, with the excitation of higher modes. After some initial period of time, a stochastic
exchange between the modes comes into play, with a practical irreversibility of motion and
onset of thermalization. Note that this thermalization can be restricted to a finite number
of modes, much less than the total number N of degrees of freedom.
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To compare with the KdV equation (12), one should recall that this equation is an
approximation to the FPU model. The main difference lies in the assumption that the
waves traveling in different directions can be considered independently. This fact may be
crucial in the analysis of the application of the KdV to the FPU model. In order to check
how important the above approximation is, in Refs.[53, 54] a specific study of the FPU
model with periodic boundary conditions x0 = xN was carried out. The quantity of interest
was the emergence of waves traveling in a direction opposite to that of the initial wave.
Specifically, the percentage of energy of standing waves in comparison with the total energy
for the k−th mode was calculated as a function of the perturbation β at some (large) fixed
time. It was found that for small perturbations, opposite moving waves practically do not
appear. However, for β ∼ βcr the amount of energy in the waves in the opposite direction
is of the order of total energy. This fact demonstrates that for large perturbations the FPU
model is very different from the KdV model.
VI. FURTHER RESULTS
Energy sharing and equipartition
The existence of an initial period of time (“induction period”) for which the motion does
not reveal strong energy sharing, was studied in detail in Ref.[57] for the β−model with zero
boundary conditions [see, also, the study [58] of the 2D model]. After this period, strong
energy sharing between a large number of modes was clearly seen, thus corresponding to
the predictions of Refs.[6] of the onset of strong stochasticity. It was also found that this
period increases as the nonlinear coupling decreases. As the criterion for the establishment
of thermal equilibrium, in Ref.[57] velocity-velocity correlations between close in the chain
particles were used. It was shown that below a critical value of the nonlinear coupling these
correlations are very small; this was used as an indication of thermal equilibrium. These
results were compared with those obtained for the model with linear coupling only [59] for
which the correlations were found to be stronger due to the absence of ergodicity.
However, the approach of Ref.[57] based on the examination of correlation functions has
been criticized in Ref.[60] (see, also, Ref.[61]). It was argued that this method does not give
global information about the phase space of the system, and strongly depends on the choice
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of correlation functions. Analyzing other methods for determining the chaotic transition, the
authors of Ref.[60] proposed to study the distribution of energy modes after a relatively short
period of time. Their analytical analysis showed that at short times this distribution has an
exponential dependence, W (k, t) ∼ exp[−B(t)k], on the function B(t) that depends on the
model parameters. Numerical data have shown that with a high accuracy the distribution
of energies corresponds to the analytical expression for B(t). At later times for large enough
nonlinearity the distribution W (k, t) was found to be of the expected form W (k, t) ∼ 1/k2,
corresponding to the Boltzmann distribution of mode energies. These results also confirm
the existence of the stochasticity threshold in its dependence on the nonlinearity parameter
β.
An interesting quantity to measure the energy sharing has been proposed in Ref.[62].
This quantity was found to be quite useful in the study of relaxation properties of nonlinear
lattices. In order to characterize the energy spread in the mode representation, the spectral
(Shannon) entropy S(t) is used,
S(t) = −
N∑
k=1
wk(t) lnwk(t), (21)
where wk = Ek/
∑
iEi is the normalized energy of a particular mode. The spectral energy
is zero when only one normal mode is excited, and reaches its maximal value Smax =
ln(N/2) for complete equipartition of the total energy among all modes. To avoid the clear
dependence on the number of oscillators, the normalized quantity
η =
Smax − S∞
Smax − S(0) (22)
was introduced. Here S∞ is the maximum value reached by S(t) in the time evolution,
associated with the “asymptotic” value of S(t). This quantity η is bounded between zero
(which corresponds to complete “localization” in one mode), and one (which corresponds to
perfect equipartition).
Computing the normalized spectral entropy η, in Refs.[62, 63] strong evidence in favor
of the existence of an equipartition threshold was given. In numerical simulations, periodic
conditions were used for the β−model, with initial excitation of a group of modes k¯±∆k¯/2
with small values of k¯ ≪ N . The integration period was chosen large enough to ensure a
practical independence of η on time. These numerical data revealed the remarkable result
of a universal form of dependence of η on the energy density ǫ = E/N for many values of
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N from 64 to 512. It is interesting to note that this effect is insensitive to randomization of
the FPU model, for which linear forces were assumed to be different for different particles
(see details in Ref.[62]). According to these results, the threshold of equipartition does not
disappear in the large N−limit.
Since in numerical computations [62, 63] the mean value of k¯ for initially excited modes
was taken to be proportional to N (as well as ∆k¯ ∼ N ), it was claimed, that the ob-
tained results are in formal contradiction to the condition (18) of a strong chaos, where the
threshold disappears with ∆k ∼ k ∼ N → ∞. The explanation of this contradiction lies
in understanding the meaning of the stochasticity threshold (18). Indeed, according to its
derivation, this condition refers to the overlap of nearest resonances only, and there is no
direct relation to energy sharing among all modes. Although the numerical data show that
a large number of modes appears to share their energy above this threshold, the question
about complete equipartition remains open.
An important comparison of the FPU model with the Toda lattice is given in Ref.[64]. As
was already discussed (see, e.g., Refs.[45, 65]), quite strong energy sharing may be observed
in the FPU model in the regime of strong recurrence, below the border of strong stochasticity.
For this reason, the dynamics of the Toda lattice and FPU models were analyzed from the
viewpoint of equipartition. As was pointed out, one should distinguish between “energy
sharing” and “equipartition”. It was shown that strong energy sharing can be observed in
both models. However, equipartition occurs in the FPU model only, which is understood to
be non-integrable. The numerical data which demonstrate this difference are based on the
form of the normalized spectral entropy η for large times. Namely, for the Toda lattice the
spectral entropy S(t) never reaches its maximum value, in contrast to the FPU model for
which it does reach the maximum. Therefore, for the Toda-lattice the dependence of η on
the energy density ǫ = E/N does not show a transition to zero.
Stability conditions
In order to characterize the difference between integrable and non-integrable lattices, in
Ref.[64] it was proposed to study these models from the viewpoint of stability. Specifically,
it was observed that the time dependence of the trajectory in the artificial phase space
η˙(t), η(t) is clearly different for these two cases. Were the FPU trajectories to appear
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irregular and unstable to an external perturbation, for the Toda lattice the trajectories
reveal clear quasi-periodicity and stability to this perturbation. Thus, in order to distinguish
between integrable and non-integrable chains, a study of the stability of motion is needed.
The first analytical study of the stability of motion in the FPU model is reported in
Ref.[55]. It was found that the recurrence dynamics in the β−model with fixed boundary
conditions may be correctly described by keeping a small number of equations for those
modes that are essentially involved in the dynamics. For these equations, one can write
the condition of a linear stability which stems from the corresponding Mathieu equation.
According to this condition, a critical value of perturbation exists above which the motion
is unstable. However, the relevance of this instability to the overlap of nonlinear resonances
remains unclear.
Another approach to instability of motion has been developed in Ref.[66] in application
to the KdV equation. It was analytically observed that certain KdV solutions are unstable.
Using this fact, an attempt was made to relate this instability to that observed in the FPU
lattice. The analytical predictions obtained for the KdV model have been claimed to explain
the instability of motion in the FPU model. In this study specific initial conditions in the
form of a cnoidal wave were used, for which numerical data manifested a good correspondence
to analytical predictions.
The above analytical studies have suffered from the absence of reliable expressions that
would predict the dependence on the nonlinear parameter and the number of particles. The
first attempt to shed light to this problem was made in Ref.[67] where the stability condition
was obtained for the specific case of the highest linear frequency, which is initially excited.
Note that for periodic boundary conditions the linear spectrum is doubly degenerate. There-
fore, the highest frequency corresponds to the middle of the spectrum, k = N/2. Using a
variational equation for this mode, a simple approximate formula for the β−model (in the
large N−limit) was derived,
3βs
E
N
≈ 9.7
N2
. (23)
Applying this estimate in Ref.[57] to numerical data obtained for N = 15 and zero boundary
conditions, some discrepancy was found. In this respect the authors claimed that their
critical value is, in essence, an upper estimate for the threshold of the chaotic transition, and
cannot be compared with the condition of widespread energy sharing. Another uncertainty
is due to the different boundary conditions used in the analytical evaluation. Later, the
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stability condition (23) was obtained [68] (with almost the same constant) in the more
general context of bifurcations of periodic orbits in nonlinear Hamiltonian lattices, and with
some relation to symmetry breaking and vibrational localization (breathers).
A similar analysis has been done [67] for the α−model. The corresponding stability
condition turned out to have the same form,
αs
E
N
≈ 0.84
N2
. (24)
This result is quite unexpected since the α−model is assumed to be closer to being integrable
than the β−model. An additional study of the stability of the α and β−models with
attractive potentials, α < 0 and β < 0 was performed in Ref.[67].
The important results are reported in Ref.[69]. Using the so-called narrow packet approx-
imation, the following stability condition was derived for the β−model:
3βg
E
N
≈ π
2
N2
. (25)
It was found that for β > βg a parametric instability of motion emerges for wave packets that
populate a number of linear modes for k within the interval |k − k0| = ∆k ≪ k0 in a region
of the optical phonon spectrum around k0 ≈ N/2. Note that for the periodic boundary
conditions used in Ref.[69], the value k0 = N/2 corresponds to the mode with highest
frequency, due to the double degeneracy of unperturbed frequencies ωk. The point is that
for such initial conditions the FPU model reduces to the nonlinear Schro¨dinger equation,
which is known to be completely integrable (see details and discussion following). This fact
establishes a link between nonlinear lattices of the FPU type and models which are now
widely used in application to the Bose-Einstein condensation.
According to the condition (25), if the amplitude of the initially excited modes exceeds
some critical value, the parametric instability results in a rapid spread of the wave packet
over many linear modes. Even though this packet spreads rapidly, the narrow packet approx-
imation remains valid for some time. One can see that formally Eq.(25) coincides with the
condition for the onset of stochasticity due to the overlap of two close nonlinear resonances,
see Eq.(19). It should be stressed that, strictly speaking, both conditions correspond to the
low boundary for the emergence of chaos and may be different from those for strong energy
sharing among all modes. Note also that the result of Ref.[69] practically coincides with
Eq.(23), which also refers to the instability of the highest mode.
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It is also very instructive that the condition of the validity of the narrow packet approx-
imation obtained in Ref.[69] reads as
3βp
E
N
≈ π
2
N
. (26)
This condition may be treated as the critical value above which strong equipartition among
all modes arises in the lattice. The important point is that the additional factor N stands in
the denominator of Eq.(26) in comparison with the stability condition (25). Therefore, one
can propose that the difference between the critical value of perturbation for local (chaotic)
energy exchange between nearest modes in the k−space, and global equipartition of energy
in the lattice, is mainly due to this additional N−dependence. Note, however, that what
we discuss here refers to the initial excitation of the high frequencies only. The problem of
stability for small values of k (acoustic waves) seems to be very different.
The problem of stability of solutions in the β−model with periodic boundary conditions
has been studied in a generalized approach in Ref.[70]. A complete rigorous analysis has
been done for the π−mode considered in Ref.[67], resulting in an additional correction term
which depends on the number of particles. It was shown that other exact solutions exist
below some critical value of nonlinear parameter β. Moreover, the presence of multi-mode
invariant manifolds was shown. It was also pointed out that the relevance of the instability
of these solutions to widespread stochasticity is not clear, although numerical data generally
manifest such a connection [compare Eq.(23) and Eq.(25) with Eq.(19] where k ≈ N). The
general case of a nonlinear lattice with both α and β terms has been under careful study in
Ref.[71] where, in particular, the relevance of the instability of the highest frequency mode
to stable localized solutions ( breathers) has been discussed (see, also, Refs.[72, 73]). The
role of periodicity of boundary conditions can be examined with the use of Birkhoff normal
forms, see details in Ref.[74].
Lyapunov exponents
As is discussed in Ref.[6], the important quantity that characterizes dynamical chaos, is
the local instability for which two close trajectories in phase space diverge, in time, expo-
nentially fast. For this reason, many modern numerical studies are based on the calculation
of the rate of this instability (KS-entropy). A detailed analytical and numerical analysis
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of the method of calculating the KS-entropy in many-dimensional dynamical systems has
been performed in Ref.[75]. The approach developed by these authors was found to be
extremely useful in the study of dynamical chaos in various physical systems. Extensive
numerical analysis of KS-entropy in application to anharmonic chains with a Lennard-Jones
interaction is reported in Ref.[76]. This lattice is known to exhibit the stochasticity tran-
sition in a more clear way, compared with the FPU model (see, e.g., Ref.[77]). These data
show that the standard procedure of computing the dynamical entropy due to the average
h ∼< ln |d(t)/d(0)| > along the trajectories is quite stable with respect to different kinds of
computational errors, and gives reliable results. However, it should be noticed that in this
method the quantity h is not exactly the Kolmogorov entropy, although it often is close to
it. The exact expression for the KS-entropy is a sum of all positive Lyapunov exponents
(LE) (for details and references, see, e.g., Ref.[48]). Actually, the above method determines
the largest Lyapunov exponent, and this is sufficient to distinguish between chaotic motion,
h > 0, and (quasi)-periodic, h = 0, motion. On the other hand, it was argued in Ref.[60]
that the largest Lyapunov exponent may not show a correct picture since it does not ex-
perience different ergodic regions. However, in Ref.[78] an opposite conclusion was drawn
from numerical data, according to which different non-connected regions of chaos can also
be detected, by searching the fluctuations of the largest Lyapunov exponent.
Since the largest Lyapunov exponent λ1 ≈ h can be used as a measure of chaoticity in
a system, analytical estimates of λ1 and its scaling properties are extremely important. In
Ref.[79] it was argued that the spectrum of Lyapunov exponents for long chains may be
well approximated by the Lyapunov exponents of products of independent random matri-
ces, provided the energy per mode, ǫ, is sufficiently large. This point has been used in
Ref.[80] where an analytical estimate for λ1 was derived in the large N−limit. Specifically,
a Gaussian model with noise was used as an approximation of the dynamical FPU model,
and the analytical results were compared with numerical calculations. An amazingly good
correspondence was found between analytical predictions and numerical data, and two scal-
ing dependencies were dicovered, λ1(ǫ) ∼ ǫ2 for ǫ → 0 and λ1(ǫ) ∼ ǫ1/4 for ǫ → ∞. In
comparison with the previously obtained numerical data in Ref.[81], the first scaling was
confirmed. As for the second one, for large ǫ, their result λ1 ∼ ǫ2/3 of Ref.[81] was different.
A later theoretical study in Ref.[82] confirmed the dependence λ1(ǫ) ∼ ǫ1/4 by making use
of a different approach. An important point of the studies in Refs.[80, 81, 82] is that there
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is a clear transition from one scaling to another. According to Ref.[82], this transition oc-
curs at E ≈ π2/3Nβ which corresponds to the onset of strong chaos, see (19). This very
important fact confirms previous findings that below the border of strong chaos, found from
the Chirikov criterion, weak chaos persists. Thus, one may expect energy equipartition for
any weak nonlinearity, however, after much longer times (see discussion below).
Much more information can be drawn from the knowledge of all Lyapunov exponents, not
only from the largest one. A numerical method of computing all LE in many-dimensional
systems has been developed in Ref.[83, 84]. Currently, this method is widely used in many
applications, both classical and quantum. Of particular interest is the distribution of LE
as a function of the index j according to which the Lyapunov exponents are ordered in
an increasing way. Spectrum of the LE has been numerically studied for the β−model in
Ref.[85] where it was found that already for 40 to 60 particles the limiting distribution
emerges. Thus, these results demonstrate the existence of a thermodynamical limit for the
spectrum of LE. The obtained distribution was discussed in Ref.[85] with a view towards its
relevance to random matrix approaches.
A very interesting study was reported in Ref.[86]. As was already mentioned above, the
α− model seems to be more stable than the β−model. For the first time this point was
noted in Ref.[52] where the resonance overlap criterion was obtained for the α−model. The
same conclusion can be drawn from the analysis of nonlinear differential equations of the
KdV types, from the viewpoint of their integrability [87]. In order to quantify the difference
between the integrable Toda lattice and non-integrable α−model, in Ref. [86] the largest
LE, λ1, was computed for both models as a function of time. It was found that at large time
scales which are inversely proportional to the energy density ǫ = E/N , the time dependence
of λ1(t) is practically indistinguishable for both models. However, starting from some critical
time, a drastic difference is clearly seen: for the α−model λ1 tends to a positive value, in
contrast to the Toda-lattice where λ1 continues to vanish with an increase of time. As a
possible explanation of this remarkable effect, the authors conjectured the coexistence of
tiny chaotic regions and relatively large regions of stable motion in the phase space of the
β− model. It was argued that the trajectory might be trapped for a long time in a relatively
large stable regions. Then after some time, the trajectory “finds” a way to leave the stable
region and enter a stochastic region. Apart from this suggestion, there is no satisfactory
explanation of the observed effect. Note that the computation performed in Ref.[86] was in
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exact correspondence with the old computations of FPU, however, with the highest accuracy
and for the longest time ever achieved. Specifically, the lowest frequency mode with k = 1
was initially excited.
The observed effect is interesting from many viewpoints. First, it again confirms the
point that the practical difference between integrable and non-integrable models may be
very small, and this difference can be detected only on very large time scales. Second, it
gives direct evidence of the existence of the threshold of weak chaos, although indirect
indications for the β−model have been reported before (see, e.g. Ref.[88]). Third, it shows
that the largest Lyapunov exponent λ1 seems to be the only quantity which can give reliable
results concerning weak chaos. By searching other initial conditions, the authors of Ref.[86]
claim that the existence of the stochasticity threshold ǫc can be clearly seen by examining
λ1.
Another important result of Ref.[86] is the N−dependence of the stochasticity threshold
for the case when all modes are initially excited. With an increasing number of particles,
it was found that the scaling dependence ǫc ∼ 1/N2 is well supported by the numerical
data. Thus, in the limit N → ∞ the threshold in the FPU model vanishes. So far, there
is no satisfactory explanation of this result. Note that most studies have been done for the
β−model, and it is questionable whether there are quantitative properties shared by these
two models.
VII. WEAK CHAOS
As was shown analytically in Ref.[89], nonlinear lattices of the FPU type have an impor-
tant peculiarity. Specifically, the unperturbed motion is linear, therefore, the KAM theory
[24, 25, 26] formally cannot be applied. Indeed, one of the conditions for applicability of
the KAM theory is that the unperturbed frequency of oscillations has to be dependent on
energy. For this reason, there is no rigorous ground to expect that under a very weak per-
turbation the motion of the FPU model remains stable. Indeed, the analysis of Ref.[89]
has shown that the resonance overlap can occur for arbitrarily small but nonzero values of
the parameters α and β. Therefore, stochastic motion does not disappear in the limit of
vanishing perturbation, although the degree of stochasticity may be very small. This situa-
tion, known as “nearly linear oscillations” arises in many practical applications and requires
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specific methods of study [90].
Another effect which is important in view of discussion about the behavior of the FPU
models for a weak perturbation, is the influence of nonlinear resonances that appear in high
orders of perturbation theory. Indeed, the overlap criterion [6] is based on consideration of
the first-order resonances only. On the other hand, second-order resonances may create a
wide resonance net and lead to strong equipartition which can occur at much larger time
scales. This problem was briefly discussed in Refs.[6, 7], and further numerical studies
have confirmed the point that apart from strong chaos (with a fast equipartition and large
values of the Lyapunov exponents), one can speak about weak chaos. This weak chaos is
characterized by a much weaker equipartition of energy, smaller values of LE, and a different
kind of scaling of the LE. Recently, the role of these high-order resonances was examined
in Ref.[91], together with a detailed analysis of peculiarities related to the nearly-linear
character of the oscillations. The α−model was examined and the stochasticity threshold
has been found for both strong and weak interactions.
The concept of weak chaos poses an important question of whether the threshold of
stability for an infinite time scale vanishes in the thermodynamical limit, N → ∞. To
shed some light in this problem, in Ref.[92] numerical simulations have been made for the
β−model (with periodic boundary conditions) paying main attention to the long-time be-
havior. Measuring the spectral entropy (22), it was found that the result strongly depends
on whether initially one mode, ∆k = 1 or a group of modes with ∆k ≫ 1, is excited (with
both k and ∆k proportional to N). In the first case, the data indicate the existence of a
threshold βE/N ∼ const. In the second case the threshold vanishes as βE/N ∼ 1/Nγ with
γ ≈ 1. As one can see, these results are in contradiction with the estimate (18) obtained
for resonance overlap. The existence of finite times of relaxation to the equipartition has
also been confirmed in Ref.[93] where the strong influence of initial transient times has been
detected, after which generic behavior emerges with no dependence on initial conditions.
One specific question widely discussed in the literature is how fast the relaxation is to a
steady-state distribution of energy among normal modes. An extensive study of this problem
was performed in Ref.[81] (see, also, Ref.[94]). The authors made an attempt to relate the
data for time dependence of the spectral entropy η(t), to the estimates of Refs.[95, 96, 97]
for the rate of the Arnold diffusion. In 1964 Arnold has proved [98] that many-dimensional
nonlinear systems are, in general, globally unstable due to a very peculiar diffusion (Arnold
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diffusion), for details see, e.g. Refs.[17, 48]). Loosely speaking, this diffusion occurs (below
the border of resonance overlap) for initial conditions inside the narrow stochastic layers
which surround any nonlinear resonance. Due to an everywhere dense set of resonances (of
different orders), starting from a point inside this Arnold web, the trajectory diffuses over
the web along these resonances. Although Arnold diffusion is extremely weak (exponentially
small in the perturbation parameter), the motion is unbounded in the phase space of the
system. There is a widespread belief (although still there are no reliable numerical results)
that Arnold diffusion is responsible for a weak instability in FPU lattices. By fitting data to
Nekhoroshev’s expressions, in Ref.[81] the following empirical dependence has been obtained:
η(t) = exp [− (t/τ)ν ] (27)
for t < τR, and
η(t) = η∞ ≡ exp [− (τR/τ)ν ] (28)
for t ≥ τR, with the numerical estimate of 0.3 ≤ ν ≤ 0.5. As for the relaxation time
τR, it is argued that it is proportional to the energy density, τR ∼ ǫ, and therefore, to the
number of particles N for fixed total energy. The nonzero value of τ∞ is discussed in Ref.[99].
Among others, the most realistic explanation of this result is that it is due to fluctuations
of the energies Ek, which are not taken into account in the normalization factor for η.
One of the important conclusions drawn in Refs.[81, 99] is that the equipartition of energy
is always reached. This supports the expectation of non-existence of a minimal critical
value of nonlinearity for the stochasticity. Another conclusion is that the critical value of
perturbation ǫc which marks the transition from weak to strong stochasticity, corresponds
to the overlap condition (18).
The region of weak stochasticity was closely examined in Ref.[100]. For initial conditions
the low modes were excited in the β−model with zero boundary conditions. As was shown
numerically, for low initial energy the distribution of mode energies after large time follows
an exponential decrease with increasing the mode number. This exponential dependence was
explained theoretically, by finding an approximate solution of equations of motion written
in a form similar to that of a nonlinear Schro¨dinger equation. It was also shown numerically
that a single nonlinearity parameter,
R = 6π−2βEγ(N + 1), (29)
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governs the local interactions between the low k ≪ N modes. For R≫ 1 there is a critical
energy Ec ≈ 2.8 (for β = 0.1) for which strong diffusion in k−space leads to equipartition.
Below this border the diffusion leads to an exponential distribution of mode energies. It
is noted that R being sufficiently large corresponds to the overlap criterion of the onset of
widespread stochasticity. In further studies [101] the energy transitions and different time
scales have been classified and discussed, as a function of energy. These results have been
generalized in Ref.[102] to FPU-type lattices with two types of masses randomly distributed
along the chain.
The dependence on initial conditions is another important question. One can classify the
following cases: (i) single mode excitation with small k; (ii) a group of low frequency modes
with ∆k and k proportional to N (thermodynamic limit); (iii) single mode excitation with
k ≈ N/2 (narrow packet approximation), and (iiii) high frequency excitation with k ≈ N .
As one can see, other important cases are missed in this picture, thus showing how difficult,
in general, the problem is of statistical relaxation in nonlinear lattices. A comparison of
cases (i) and (ii) was done in Ref.[101]. It was found that transient times to equipartition
in case (ii) are proportional to
√
N , in comparison with single mode excitations (i) where
this time does not exist or is not important. The transient times are characterized by non-
universal dynamical characteristics, in contrast with larger times for which one can find a
good scaling dependence on the energy density E/N . Concerning the case (iiii), one can
refer to Ref.[103] where the energy equipartition for initially excited high frequency modes
was studied. As for the case (iii), the important findings are analytical ones, with much
attention given to the instability conditions.
VIII. NSE AND BEC
As was found in Ref.[69], one of remarkable properties of the β−model (2) is its direct
relevance to the nonlinear Schro¨dinger equation (NSE). Indeed, let us write the Hamiltonian
corresponding to the equations of motion (2),
H =
N∑
n=1
[
p2n
2
+
1
2
(xn+1 − xn)2 + β
4
(xn+1 − xn)4
]
. (30)
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In the following, we consider periodic boundary conditions, x0 = xN . In analogy with the
quantum mechanics, we use the canonical variables ak and a
⋆
k,
ak =
1√
2ωk
(Pk − iωkQ⋆k) (31)
where
Pk = 1√
N
N∑
n=1
pne
−i 2pikn
N ; Qk = 1√
N
N∑
n=1
xne
i 2pikn
N (32)
with ωk = 2 sin
πk
N
as the frequency of the k−th linear mode, k = 1, 2, ..., N . Assuming that
the initial packet in k−space is narrow and centered at k0 ≈ N/2, it can be shown [69] that
the Hamiltonian takes the form,
H =
N∑
k=1
ωka
⋆
kak +
1
2
∑
k1k2k3k4
Vk1k2k3k4a
⋆
k1a
⋆
k2ak3ak4δk1+k2−k3−k4 +O(1). (33)
Here the term Vk1k2k3k4 = V0 + W0(q1 + q2 + q3 + q4) with V0 =
3β
N
(
sin π k0
N
)2
and W0 =
3πβ
4N2
sin 2πk0
N
≪ V0 describes the (resonant) four-wave interaction [104](with q = k − k0 ≪
k0). All other (non-resonant) terms of O(1) can be neglected in this approximation. By
expanding ωk at the point k0, one can obtain, ωk ≈ ωk0 +Λq −Ωq2. The parameters Λ and
Ω are Λ = 2π
N
cos πk0
N
≈ (π/N)3 and Ω =
(
π
N
)2
sin πk0
N
≈ (π/N)2. As a result, the equations
of motion ia˙k = ∂H/∂a
⋆
k can be written as
iA˙q = −Ωq2Aq + V0
∑
q1,q2,q3
A⋆q1Aq2Aq3δq+j1−j2−j3 (34)
where Aq = exp (i(ωk0 + Λq)t) aq+k0. As one can see, these equations describe a nonlinear
chain of interacting oscillators. Using the transformation Φ(θ, t) =
∑
q Aq(t) exp(iqθ) =
Φ(θ + 2π, t), we obtain the NLS equation,
i
∂Φ
∂t
= Ω
∂2Φ
∂θ2
+ V0|Φ|2Φ. (35)
This classical equation is well known in the physics of interacting particles and widely
discussed in many applications. It is a particular case of the Gross-Pitaevskii (GP) equation
[105, 106] which attracts much attention in connection with Bose-Einstein condensation
(BEC). Using the mean-field approximation, this equation describes the evolution of the
condensate wave function, and, in essence, is of a semi-classical nature. The important
peculiarity of the GP-equation is its complete integrability (see, e.g., Ref.[107]). This is of
special interest from the point of view of the statistical properties of the condensate. As was
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confirmed numerically [69], in the FPU β−model good conservation of first three integrals
of motion, analytically derived for the GP-equation, can be observed provided the initial
packet is centered at k0 = N/2.
The model of type (33) was recently examined using close numerical investigations
[108]. Specifically, the dynamics of the condensate in one-dimensional geometry was as-
sumed to be governed by the following Hamiltonian in the action-angle representation,
An =
√
In exp (iθn):
H =
∑
n
ωnIn +
g
2
∑
n1n2n3n4
Vn1n2n3n4 (In1In2In3In4)
1/2 e−i(θn1+θn2−θn3−θn4). (36)
Here h¯ωn = n
2π2h¯2/2mL2 labels the single-particle energy levels, m is the mass of particles,
L is the length of the one-dimensional box, and Vn1n2n3n4 corresponds to the matrix elements∫ L
0 φn1φn2φn3φn4dz of the interaction, with φn as the normalized modes of the box (see details
in Ref.[108]).
In the study of the model (36), methods developed for classical nonlinear lattices have
been extensively used. Of particular interest was the time-dependence of the normalized
spectral entropy (22) since it can be used to distinguish between regular and irregular dy-
namics of the condensate. Note that due to the zero boundary conditions used in Ref.[108],
the dynamics may be non-integrable in contrast to the GP-equation. For a weak interac-
tion the dynamics was numerically found to be quasi-periodic for generic initial conditions,
which may be compared with the recurrent motion in the FPU models. On the other hand,
with increased interaction strength, the dynamics appears to reveal chaotic properties. This
effect was accompanied by a strong decrease of the spectral entropy η(t), and by irreversible
dynamics. The main result is that starting from conditions in which the low modes were
initially excited, the energy diffusively spreads over modes with higher frequencies. The
stochasticity was found to be stronger for low excited modes, in contrast to the FPU model.
This fact may be explained by the different kinds of the unperturbed frequency spectrum in
these two models.
The above results show that many of properties of classical nonlinear lattices, especially,
non-integrable models of the FPU type, can be discussed in a more general context, namely,
in the context of the physics of interacting quantum particles. Although the latter subject
is not new, the problem of the onset of many-body chaos in quantum systems of interacting
Fermi and Bose - particles has recently attracted much attention due to its important phys-
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ical applications (see, e.g. Ref.[109]). In this respect, an interesting study was reported in
Ref.[110, 111] where the quantum analog of Eq.(34) was introduced,
iA˙j = −j2(1 + q)ΩAj + h¯V0
∑
j2,j3,j4
A†j2Aj3Aj4δj+j2−j3−j4 (37)
Here
[
Aj, A
†
k
]
= δjk and q = h¯β cot(π/2N)/32N , with ω and V0 defined as in the classical
model.
Analytical studies [110, 111] of the dynamical instability of motion gave quite unexpected
results. As was already discussed in Section VI, in the narrow packet approximation the
classical dynamics of the FPU model displays an instability above the critical value given
by Eq.(25). In contrast to this result supported by other studies, in the quantum model the
instability occurs for any weak perturbation. On the other hand, the rate of this instability
turns out to be slower than for the classical model. If the latter effect could be explained by
quantum suppression of classical instability (as in the Kicked Rotor model [112, 113, 114]),
the absence of the instability threshold is a somewhat new effect. One can suggest that this
effect is due to quantum tunneling in the effective potential, and further studies appear to
be very important.
The above approach has been recently developed and applied in Ref.[115] to the problem
of collapse in the Bose-Einstein condensation with an attractive potential. As is known,
the collapse dynamics cannot be described by the Gross-Pitaevskii equation, therefore, new
ideas are important. As was shown in Ref.[115], near the instability threshold quantum
effects turn out to play an important role and have to be taken into account. Specifically,
when comparing the GP and quantum dynamical growth of the unstable modes, the absence
of the instability threshold was confirmed for the quantum model, in contrast with the GP
equation. This means that the quantum solution is always unstable, and eventually collapses
in a finite time. The difference between the GP and the quantum model is important when
approaching the classical (GP) critical limit of the instability. This effect may be compared
with an exponentially fast spread of wave packets in quantum systems which are chaotic in
the classical limit. As was shown in Refs.[116, 117], for classically chaotic systems quantum
effects are extremely strong and reveal themselves on a very short (logarithmic) time scale.
Recent rigorous results [118] on the quantum instability of averages near stationary points
seem to have a direct relevance to the more general problem of quantum corrections in the
region of chaos.
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It would be interesting to study the influence of terms, neglected in the narrow packet
approximation, when obtaining the NLS equation (35). It is easy to show that by keeping
the next terms in the expansion of ωk and Vk1,k2,k3,k4 about the point k0, one can derive the
following equation:
i
∂Φ
∂t
= Ω
∂2Φ
∂θ2
+ V0|Φ|2Φ + iχ∂
3Φ
∂θ3
− 4iW0|Φ|2∂Φ
∂θ
, (38)
which describes the dynamics of the FPU model more correctly than the Gross-Pitaevskii
equation (with χ = 1
6
∂3ωk/∂k
3 at k = k0). The additional terms in the above equation may
be important for describing the evolution of wave packets for large time scales, and for the
breakdown of integrability.
One recent attempt to consider the dynamics of the Bose-Einstein condensate by making
use of an approach developed in the field of quantum chaos, was performed in Ref.[119].
Using numerical simulations, the authors focus on the dynamics of the Bose-Einstein con-
densate on a ring, which is described by the quantum Hamiltonian,
Hˆ =
∑
k
ǫknˆk +
g
2L
∑
k,q,p,r
aˆ†kaˆ
†
qaˆpaˆrδk+q−p−r. (39)
Here nˆk = aˆ
†
kaˆk is the occupation number operator, aˆ
†
s and aˆs are the creation-annihilation
operators, and ǫk = 4π
2k2/L2. As one can see, this Hamiltonian can be considered to be
the quantum version of the classical Hamiltonian (33) describing the evolution of the FPU
model in the narrow packet approximation. The behavior of this system is governed by
only one parameter n/g, where n is the particle density on a ring of length L, and g is the
strength of the interaction between bosons, determined by the interatomic scattering length.
As is known, for weakly interacting particles, n/g → ∞, the mean-field approximation
gives the correct description of the dynamics. In the other limit of strongly interacting
particles, known as the Tonks-Girardeau regime, n/g → 0, the density of interacting bosons
becomes identical to that of non-interacting fermions. The transition between these two
regimes is known to correspond, approximately, to n/g ≈ 1.
The main interest in Ref.[119] was to observe and quantify the degree of irregularity in the
dynamics of the condensate. Specifically, the situation in which all bosons initially occupy
the single-particle level with the angular momentum k = 0 has been explored, with a further
analysis of the evolution of the condensate in time. The main result of the study in Ref.[119]
was that with an increase of the interaction strength g, regular (quasi-periodic) dynamics
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alternates with irregular behavior of the observable quantities. This transition was found
numerically to occur at the transition from the mean-field to the Tonks-Girardeau regimes.
Given the clear evidence of the efficiency of the proposed approach, these results open the
door for further studies of the condensate dynamics from the viewpoint of many-body chaos.
IX. CONCLUDING REMARKS
Due to space limitations, many recent studies are not discussed here, although they are
relevant to the FPU model. In the first line, one should mention an increasing interest in
the existence of localized nonlinear oscillations (breathers) emerging in nonlinear lattices
(for a review, see, e.g. Ref.[120]). For some time, their existence in the FPU model was
questionable, mainly due to the fact that the main interest initially was related to low-
frequency excitations. As was shown in the early paper [121], localized optical excitations
(high-frequency modes) can be observed in the FPU model with alternative masses. This
was the first indication that by exciting the highest modes in the FPU lattice, a new kind
of solution with special structure emerges (the most recent results on the diatomic FPU
model are reported in Ref.[122]). Although self-localized solitons in anharmonic lattices
without impurities were predicted quite a long time ago in Refs.[123, 124], only recently the
existence of breathers in FPU lattices has been proved rigorously (see, e.g., Refs.[125]). In
connection with the FPU problem one should mention the results of Refs.[126, 127] where it
was shown that breathers can be responsible for the slow relaxation of initially thermalized
nonlinear lattices. This effect seems to be relevant to the long-term regular dynamics in the
FPU models, which is alternated by a strong energy sharing between linear modes. To date,
many studies of breathers (including chaotic breathers, see in Ref.[128]) in the FPU model
have been carried out, and we hope that the reader can find in this issue more information
on the subject.
Coming back to the original question about the ergodicity and thermalization in the
FPU model, one should conclude that some of problems still remain open. In particular, the
existence of the threshold for weak chaos in the thermodynamical limit N →∞ is still under
study by many researchers. As is clear from the above discussions, the main difficulty, apart
from the numerical one, is the strong dependence of the results on the model parameters.
The behavior of the model depends strongly on whether low- or high-frequency modes are
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initially excited. Also, the number of excited modes seems to be important for the dynamics,
as is indicated in previous studies. Last, but not least, is the fact of a difference between
the alpha− and beta−models. Therefore, future studies are desirable, both analytical and
numerical.
One should mention the direct relevance of the FPU model to the models of the Bose-
Einstein condensation. As was shown in Ref.[69], the narrow packet approximation in the
β−model leads to the Gross-Pitaevskii equation with an attractive potential. Thus, the
instability of highest modes in periodic FPU lattices corresponds to that of the Bose-Einstein
condensate. This fact is important for further studies of instabilities both in the nonlinear
classical lattices and in quantum models of the Bose-Einstein condensate. Note that now
it is possible to control experimentally the sign of the interaction between bosons, and to
observe the collapse of the condensate (see, for example, Ref.[129]).
Another new direction is the study of dynamics of quantum models of interacting Bose
particles. In particular, direct quantization of classical nonlinear chains related to the Gross-
Pitaevskii equation shows a close analogy for the dynamics in classical and quantum models.
Recent numerical data [119] for the transition between the mean field and Tonks-Girardeau
regimes have revealed the onset of irregular motion of the condensate. This type of transition
is known to occur in quantum models of interacting particles which are chaotic in the classical
limit. Therefore, one can expect that methods well developed in the theory of quantum
chaos, may give new insight on the dynamics of interacting bosons in the condensates.
The above practical problems are part of the more general problem of quantum-classical
correspondence for systems with irregular behavior. From this point of view, the FPU model
is of particular interest and can be considered as an important example. As discussed in
Ref.[130], there are two mechanisms which are responsible for the appearance of statistical
behavior of dynamical (deterministic) systems. The first mechanism is the thermodynamic
limit with N → ∞, which is well known since the early days of statistical mechanics. The
important point here is that this limit has nothing to do with chaos, it is based on the
ergodicity of motion only, which is known to be the weakest statistical property. As we
already discussed, perfect statistical and thermodynamical properties are known to emerge
even in completely integrable systems such as the Toda-lattice. Although there are initial
conditions which correspond to solitons, the measure of these specific conditions is extremely
small, and surely can be neglected practically. Therefore, the role of additional terms that
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break the integrability becomes important when the number N is finite. The expectation
of FPU was based on their belief that N = 32, 64 is large enough in order to observe the
equipartition in the presence of small nonlinearity.
The second mechanism for the onset of statistical properties in dynamical systems is, in
principle, different. It is based on a local instability of motion for generic initial conditions
in the phase space of the system. With this mechanism the ergodicity is not important
provided the total measure of initial conditions with regular motion is very small, although
it can be finite. Due to this local instability (with reflecting boundaries in phase space),
this motion reveals clear mixing properties, leading to strong sensitivity of the motion to
initial conditions. As a result, an apparent irreversibility of motion emerges since any weak
external perturbation gives rise to non-recurrence of the initial conditions. The important
point for this scenario is that the dynamical chaos can emerge in systems with few degrees of
freedom, in contrast to the first (thermodynamic) mechanism. It is important to stress that,
although these two mechanisms are different, the common feature is that in both cases the
time dependence of the observables can be described by an infinite number of statistically
independent frequencies (see details in Ref.[130]).
Turning to quantum systems, the origin of “quantum chaos” in dynamical systems is
based on the first mechanism, with no relevance to the local instability of trajectories. Specif-
ically, irregular behavior of a system emerges when an initial wave packet consists of many
exact chaotic eigenstates with statistically independent frequencies (see, e.g. Ref.[131]). This
concept is very important for establishing the conditions for the onset of chaos in quantum
systems and in quantifying their irregular properties. Therefore, the understanding of phys-
ical effects found in the FPU model, as well as the use of tools developed for identifying
these effects, may be useful for the study of quantum systems with complex behavior.
As a consequence of their research on the FPU model, in this brief review the authors
have tried to summarize the main ideas, tools and results related to the FPU paradox,
after 50 years of the celebrated paper. For one of the authors (FMI), the FPU problem
was his initial scientific PhD research. For GPB, the relation discovered between the FPU
model and nonlinear Schro¨dinger equation has contributed to his interests in Bose-Einstein
condensation problems. And for both of the authors, the preparation of this manuscript
provided a welcome opportunity to learn much more about new trends in the physics of
nonlinear phenomena.
39
ACKNOWLEDGMENTS
The authors very much appreciate the opportunity to have worked with Boris Chirikov
in the Institute of Nuclear Physics in Novosibirsk, Russia. They are also grateful to
A. R. Bishop, D. K. Campbell, G. D. Doolen, R. E. Ecke for fruitful discussions. This work
was supported by the Department of Energy (DOE) under Contract No. W-7405-ENG-36.
∗ on sabbatical leave from: Instituto de F´ısica, Universidad Auto´noma de Puebla, Apartado
Postal J-48, Puebla, Pue., 72570, Me´xico
[1] E. Fermi, J. Pasta, and S. Ulam, Studies of the Nonlinear Problems, I, Los Alamos Report
LA-1940, (1955), later published in Collected Papers of Enrico Fermi, ed. E. Segre, Vol. II
(University of Chicago Press, 1965) p.978; also reprinted in Nonlinear Wave Motion, ed.
A. C. Newell, Lecture Notes in Applied Mathematics, Vol. 15 (AMS, Providence, RI, 1974),
also in Many-Body Problems, ed. D. C. Mattis (World Scientific, Singapore, 1993).
[2] E. Fermi, “Beweis dass ein mechanisches Normalsystem im allgemeinen quasi-ergodisch ist”,
Phys. Zeit. 24, 261-265 (1923).
[3] J. L. Tuck, Los Alamos Report LA-3990 (1968).
[4] N. J. Zabusky and M. D. Kruskal, “Interaction of “solitons” in a collisionless plasma and the
reccurence of initial states”, Phys. Rev. Lett. 15, 240-243 (1965).
[5] B. V. Chirikov, Atomnaya Energia 6, 630 (1959) [Engl. Transl. J.Nucl. Energy Part C:
Plasma Phys. 1, 253 (1960)].
[6] F. M. Izrailev and B. V. Chirikov, Statistical Properties of a Nonlinear String, (Institute of
Nuclear Physics, Novosibirsk, USSR, 1965) (in Russian); Dokl. Akad. Nauk SSSR 166, 57
(1966) [Soviet. Phys. Dokl. 11 30 (1966)].
[7] F. M. Izrailev, A. I. Khisamutdinov, and B. V. Chirikov, Numerical Experiments with a Chain
of Coupled Anharmonic Oscillators, (Report 252, Institute of Nuclear Physics, Novosibirsk,
USSR, 1968), [English translation: LA-4440-TR, Los Alamos, 1970].
[8] S. M. Ulam, A collection of mathematical problems, (Interscience Inc., New York, 1960).
[9] N. J. Zabusky, “Computational synergetics and mathematical innovation”, J. Comp. Phys.
43, 195-249 (1981).
40
[10] T. P. Weissert, The genesis of simulation in dynamics: pursuing the Fermi-Pasta-Ulam
problem, (Springer-Verlag, New York, 1997).
[11] I. Prigogine, Non-Equilibrium Statistical Mechanics, (Interscience Inc., New York, 1962).
[12] J. Ford, “The Fermi-Pasta-Ulam problem: Paradox turns discovery”, Phys. Rep. 213, 271
(1992).
[13] J. L. Tuck and M. T. Menzel, “The superperiod of the nonlinear weighted string (FPU)
problem”, Adv. Math. 9, 399 (1972).
[14] P. C. Hemmer, L. C. Maximon, and H. Wergeland, “Recurrence time of a dynamical system”,
Phys. Rev. 111, 689 (1958).
[15] E. A. Jackson, “Nonlinearity and irreversibility in lattice dynamics”, Rocky Mount. J. Math.
8, 12-197 (1978).
[16] B. V. Chirikov, Research concerning the theory of nonlinear resonances and stochasticity,
(Report 267, Institute of Nuclear Physics, Novosibirsk, USSR, 1969; [English translation:
Report 71-40, CERN, Geneva, Switzerland, 1971].
[17] B. V. Chirikov, “A universal instability of many-dimensional oscillator systems”, Phys. Rep.
52, 263-379 (1979).
[18] J. Ford, “Equipartition of energy for nonlinear systems”, J. Math. Phys. 2, 387-393 (1961).
[19] N. Kryloff and N. Bogol`iuboff, Introduction to Nonlinear Mechanics, (Princeton University
Press, Princeton, New Jersey, 1947).
[20] E. A. Jackson, “Nonlinear coupled oscillators. II. Comparison of theory with computer solu-
tions”, J. Math. Phys. 4, 686-700 (1963).
[21] E. A. Jackson, “Nonlinear coupled oscillators. I. Perturbation theory; Ergodic problem”,
J. Math. Phys. 4, 551-558 (1963).
[22] N. J. Zabusky, “Exact solution for the vibrations of a nonlinear continuos model string”,
Journ. Math. Phys. 3, 1028-1039 (1962).
[23] J. Ford and J. Waters, “Computer studies of energy sharing and ergodicity for nonlinear
oscillator systems”, Journ. Math. Phys. 4, 1293-1306 (1963).
[24] A. N. Kolmogorov, Dokl. Akad. Nauk. SSSR 98, 527 (1954); General theory of dynamical
systems and classical mechanics, in Proceeding of Int. Congress of Math., Amsterdam, Vol.
I, p.315.
[25] V. I. Arnold, “A proof of the A.N. Kolmogorov’s theorem on the conservation of conditional-
41
periodic motions in a small change of the Hamiltonian function”, Usp. Math. Nauk, 18, 13-40
(1963).
[26] J. Moser, Nachr. Akad. Wiss. Go¨ttingen Math. Phys. Kl. 2, 1, 15 (1962); Annali della Scuola
Normale Superiore di Pisa, Serie III, Vol. XX, Fasc. III (1966) p.499; Stable and random
motions in dynamical systems, Annals of Math. Studies, No. 77 (Univeristy Press, Princeton,
1973).
[27] V. I. Arnold and A. Avez, Ergodic problems of classical mechanics, (W. A. Benjamin, Inc.,
New York, 1968).
[28] T. Nishida, “A note on an existence of conditionally periodic ocsillation in a one-dimensional
anharmonic lattice”, Mem. Fac. Eng. Kyoto Univ. 33, 27-34 (1971).
[29] B. Rink and F. Verhulst, “Near-integrability of periodic FPU-chains”, Physica A, 285, 467-
482 (2000).
[30] B. Rink, “Symmetry and resonance in periodic FPU chains”, Commun. Math. Phys. 218,
665-685 (2001).
[31] R. S. Northcote and R. B. Potts, “Energy sharing and equilibrium for nonlinear systems”,
J. Math. Phys. 5, 383-398 (1964).
[32] Ya. G. Sinai, in Statistical Mechanics: foundations and application, Proceedings of the IUPAP
meeting, Copenhagen, 1966, ed. T.A.Bak (W.A.Benjamin, Inc., New York, 1967), p.559.
[33] M. D. Kruskal and N. J. Zabusky, “Stroboscopic-perturbation procedure for treating a class
of nonlinear wave equations”, Journ. Math. Phys. 5, 231-244 (1964).
[34] M. Toda, “Studies of a non-linear lattices”, Phys. Rep. 18 C, 1-124 (1975).
[35] D. J. Korteweg and G. de Vries, Phil. Mag. 39, 422 (1895).
[36] N. J. Zabusky, “Solitons and bound states of the time-independent Schro¨dinger equation”,
Phys. Rev. 168, 124-128 (1968).
[37] N. J. Zabusky, in Proceedings of the Symposium on Nonlinear Partial Differential Equations,
edited by W.Ames (Academic Press Inc. New York, 1967)
[38] P. D. Lax, Comm. Pure and Appl. Math. 21, 467 (1968).
[39] Yu. A. Berezin and V. I. Karpman, Zh. Eksp. Teor. Fiz. 51, 1557 (1966) [English transl.:
Soviet Phys.-JETP 24, 1049 (1967)].
[40] R. M. Miura, “Korteweg-de Vries equation and generalizations. I. A remarkable explicit
nonlinear transformation”, Journ. Math. Phys. 9, 1202-1204 (1968).
42
[41] “Method for solving the Korteweg-de Vries equation”, C. S. Gardner, J. M. Greene,
M. D. Kruskal, and R. M. Miura, Phys. Rev. Lett. 19, 1095-1097 (1967).
[42] C. S. Gardner, J. M. Greene, M. D. Kruskal, and R. M. Miura, “Korteweg-de Vries equation
and generalizations. II. Existence of conservation laws and constants of motion”, Journ.
Math. Phys. 9, 1204-1209 (1968).
[43] M. Toda, “Vibration of a chain with nonlinear interaction”, J. Phys. Soc. Japan 22, 431
(1967).
[44] M. Toda, Journ. Phys. Soc. Japan Suppl. 26, 235 (1969); Progr. Theor. Phys. Suppl. 45, 174
(1970).
[45] J. Ford, S. D. Stoddard, and J. S. Turner, “On the integrability of the Toda lattice”, Prog.
Theor. Phys. 50, 1547-1560 (1973).
[46] M. Henon, “Integrals of the Toda lattice”, Phys. Rev. B 9, 1921-1923 (1974).
[47] N. S. Krylov, Studies on the Foundation of Statistical Physics, (Akad. Nauk SSSR, M.-L.,
1950) [Engl. Transl. Princeton University Press, Princeton, NJ (1979)].
[48] A. J. Lichtenberg and M. A. Lieberman, Regular and Stochastic Motion, (Springer-Verlag,
New York, 1983).
[49] K. R. Symon and A. M. Sessler, in “Proceedings of the CERN Symposium on High Energy
Accelerators and Pion Physics”, Geneva 1956 (CERN, Geneva, 1956), p.44, Vol.II.
[50] G. N. Kulipanov, S. I. Mishnev, S. G. Popov, and G. M. Tumaikin, Influence of nonlin-
earities on betatron oscillations in storage rings, Report 251, Institute of Nuclear Physics,
Novosibirsk, USSR, 1968 (in Russian).
[51] G. N. Kulipanov, S. I. Mishnev, and A. N. Skrinsky, Study of the stochastic instability of
betatron oscillations of electron beam in a storage ring, Report 323, Institute of Nuclear
Physics, Novosibirsk, USSR, 1969 (in Russian).
[52] F. M. Izrailev, Investigation of Chaotic Oscillations for the String with Quadratic Nonlin-
earity, (Report 77, Institute of Nuclear Physics, Novosibirsk, USSR, 1966 (in Russian)).
[53] F. M. Izrailev and V. A. Tayursky, Numerical study of stochastic waves in a chain of coupled
nonlinear oscillators, (Report 78-70, Institute of Nuclear Physics, Novosibirsk, SSSR, 1970).
[54] B. V. Chirikov, F. M. Izrailev and V. A. Tayursky, “Numerical experiments on the statistical
behaviour of dynamical systems with a few degrees of freedom”, Comp. Phys. Comm. 5,
11-16 (1973).
43
[55] R. L. Bivins, N. Metropolis, and J. R. Pasta, “Nonlinear coupled oscillators: Modal equation
approach”, J. Comput. Phys. 12, 65 (1973).
[56] B. V. Chirikov, When does the dynamical system turn into the statistical one?, Communica-
tion at the International Congress of Mthematicians, Moscow (1966); Report of the Institute
of Nuclear Physics, Novosibirsk, Russia (1966).
[57] H. Hirooka and N. Saito, “Computer studies on the approach to thermal equilibrium in
coupled anharmonic oscillators. I. Two dimensional case”, J. Phys. Soc. Japan, 26, 624-630
(1969).
[58] N. Ooyama, H. Hirooka and N. Saito, “Computer studies on the approach to thermal equi-
librium in coupled anharmonic oscillators. II. One-dimensional case”, J. Phys. Soc. Japan,
27, 815-824 (1969).
[59] N. Saito and H. Hirooka, “Computer studies of ergodicity in coupled oscillators with anhar-
monic interaction”, J. Phys. Soc. Japan, 23, 167-171 (1967).
[60] R. Livi, M. Pettini, S. Ruffo, M. Sparpaglione, and A. Vulpiani, “ Relaxation to different
stationary states in the Fermi-Pasta-Ulam model”, Phys. Rev. A 28, 3544-3552 (1983).
[61] G. Benettin and A. Tenenbaum, “Ordered and stochastic behaviour in a two-dimensional
Lennard-Jones system”, Phys. Rev. A 28, 3020-3029 (1983).
[62] R. Livi, M. Pettini, S. Ruffo, M. Sparpaglione, and A. Vulpiani, “Equipartiion threshold
in nonlinear large Hamiltonian systems: The Fermi-Pasta-Ulam model”, Phys. Rev. A 31,
1039-1045 (1985).
[63] R. Livi, M. Pettini, S. Ruffo, and A. Vulpiani, “Further results on the equipartition threshold
in large nonlinear Hamiltonian systems”, Phys. Rev. A 31, 2740-2742 (1985).
[64] S. Isola, R. Livi, S. Ruffo, and A. Vulpiani, “Stability and chaos in Hamiltonian dynamics”,
Phys. Rev. A 33, 1163-1170 (1986).
[65] N. Saito, N. Ooyama, Y. Aizawa, and H. Hirooka, Prog. Theor. Phys. Suppl. 45, 209 (1970).
[66] C. F. Driscoll and T. M. O’Neil, “ Explanation of instabilities observed on a Fermi-Pasta-
Ulam lattice”, Phys. Rev. Lett. 37, 69 (1976).
[67] N. Budinsky and T. Bountis, “Stability of nonlinear modes and chaotic properties of 1D
Fermi- Pasta-Ulam lattices”, Physica D, 8, 445-452 (1983).
[68] S. Flach, “Tangent bifurcation of band edge plane waves, dynamical symmetry breaking and
vibrational localization”, Physica D 91, 223-243 (1996).
44
[69] G. P. Berman and A. R. Kolovsky, “The limit of stochasticity for a one-dimensional chain
of interacting oscillators”, Zh. Eksp. Teor. Fiz. 87, 1938 (1984); [Sov. Phys. JETP 60, 1116
(1984)].
[70] P. Poggi and S. Ruffo, “Exact solutions in the FPU oscillator chain”, Physica D, 103, 251
(1997).
[71] K. W. Sandusky and J. B. Page, “Interrelation between the stability of exteneded normal
modes and the existenece of intrinsic localized modes in nonlinear lattices with realistic
potentials”, Phys. Rev. B 50, 866-887 (1994).
[72] Yu. A. Kosevich and S. Lepri, “Modulational instability and energy localization in anhar-
monic lattices at finite energy density”, Phys. Rev. 61, 299-307 (2000).
[73] V. M. Burlakov, S. A. Kiselev and V. I. Rupasov, “Localized vibrations of homogeneous
anharmonic chains”, Phys. Lett. A 147, 130-134 (1990).
[74] B. Rink, “Direction-reversing traveling waves in the even Fermi-Pasta-Ulam lattice”, J. Non-
linear Sci., 12, 479-504 (2002).
[75] G. Benettin, L. Galgani, and J. M. Strelcyn, “ Kolmogorov entropy and numerical experi-
ments”, Phys. Rev. A 14, 2338-2345 (1976).
[76] M. Casartelli, E. Diana, L. Galgani, and A. Scotti, “Numerical computations on a stochastic
parameter related to the Kolmogorov entropy”, Phys. Rev. A. 13, 1921-1925 (1976).
[77] P. Bocchieri, A. Scotti, B. Bearzi, and A. Loinger, “Anharmonic chain with Lennard-Jones
interaction”, Phys. Rev. A 2, 2013-2019 (1970).
[78] M. C. Carotta, C. Ferrario, G. Lo Vecchio, and L. Galgani, “New phenomenon in the stochas-
tic transition of coupled oscillators”, Phys. Rev. A 17, 786-794 (1978).
[79] J. P. Eckmann and C. E. Wayne, J. Stat. Phys. 50, 853 (1988).
[80] L. Casetti, R. Livi, and M. Pettini, “Gaussian model for chaotic instability of Hamiltonian
Flows”, Phys. Rev. Lett. 74, 375 (1995).
[81] M. Pettini and M. Landolfi, “Relaxation properties and ergodicity breaking in nonlinear
Hamiltonian dynamics”, Phys. Rev. A 41, 768 (1990).
[82] T. Dauxois, S. Ruffo, and A. Torcini, “Modulational estimate for the maximal Lyapunov
exponent in Fermi-Pasta-Ulam chains”, Phys. Rev. E 56, R6229 (1997).
[83] G. Benettin, L. Galgani, A. Giorgilli, and J.-M. Strelcyn, C.R.Acad. Sci, Paris, Ser. A 286,
431 (1978).
45
[84] G. Benettin, L. Galgani, A. Giorgilli, and J.-M. Strelcyn, Meccanica March, 9, 21 (1980).
[85] R. Livi, A. Politi, and S. Ruffo, “Distribution of characteristic exponents in the thermody-
namic limit”, J. Phys. A: Math. Gen. 19, 2033 (1986).
[86] L. Casetti, M. Cerruti-Sola, M. Pettini, and E. G. D. Cohen, “The Fermi-Pasta-Ulam problem
revisited: Stochasticity thresholds in nonlinear Hamiltonian systems”, Phys. Rev. E 55, 6566-
6574 (1997).
[87] V. E. Zakharov, On the Fermi-Ulam-Problem, (Report 31-73, Institute of Nuclear Physics,
Novosibirsk, USSR, 1973).
[88] H. Kantz, R. Livi, and S. Ruffo, “Equipartition thresholds in chains of anharmonic oscilla-
tors”, Journ. Stat. Phys. 76, 627-643 (1994).
[89] J. Ford and G. H. Lunsford, “Stochastic behavior of resonant nearly linear oscillator systems
in the limit of zero nonlinear coupling”, Phys. Rev. A, 1, 59-70 (1970).
[90] F. M. Izraelev, “Nearly Linear Mappings and Their Applications”, Physica D 1, 243-266
(1980).
[91] D. L. Shepelyansky, “Low-energy chaos in the Fermi-Pasta-Ulam problem”, Nonlinearity, 10,
1331-1338 (1997).
[92] H. Kantz, “Vanishing stability thresholds in the thermodynamic limit of nonintegrable con-
servative systems”, Physica D 39, 322-335 (1989).
[93] J. De Luca, A. J. Lichtenberg, and S. Ruffo, “Finite times to equipartition in the thermody-
namic limit”, Phys. Rev. E 60, 3781 (1999).
[94] L. Galgani, A. Giorgilli, A. Martinoli, and S. Vanzini, “On the problem of energy equipartition
for large systems of the Fermi-Pasta-Ulam type: analytical and numerical estimates”, Physica
D, 59, 334 (1992).
[95] N. N. Nekhoroshev, “Exponential estimate of the stability time of near-integrable Hamilto-
nian systems”, Russ. Math. Surv. 32, 1-65 (1977).
[96] N. N. Nekhoroshev, “Exponential estimate of the stability time of near-integrable Haniltonian
systems, II”, Trudy Sem. Petrovs. No.5 (1979) 5-50 [in Russian].
[97] G. Benettin, L. Galgani, and A. Giorgilli, “A proof of Nekhoroshev’s theorem for the stability
times in nearly integrable Hamiltonian systems”, Celest . Mech. 37, 1-25 (1985).
[98] V. I. Arnold, “On the nonstability of dynamical systems with many degrees of freedom. Dokl.
Akad. Nauk SSSR, 156, 9-12 (1964).
46
[99] M. Pettini and M. Cerruti-Sola, “Strong stochasticity threshold in nonlinear large Hamilto-
nian systems: Effect on mixing times”, Phys. Rev. A 44, 975 (1991).
[100] J. De Luca, A. J. Lichtenberg, and M. A. Lieberman, “Time scale to ergodicity in the Fermi-
Pasta-Ulam system”, CHAOS, 5, 283 (1995).
[101] J. De Luca, A. J. Lichtenberg, and S. Ruffo, “Energy transitions and time scales to equipar-
tition in the Fermi-Pasta-Ulam oscillator chain”, Phys. Rev. E 51, 2877 (1995).
[102] J. De Luca, A. J. Lichtenberg, and S. Ruffo, “Universal evolution to equilibrium in oscillator
chains”, Phys. Rev. E 54, 2329 (1996).
[103] K. Ullmann, A. J. Lichtenberg, and G. Corso, “ Energy equaipartition starting from high-
frequency modes in the Fermi-Pasta-Ulam beta-oscillator chain”, Phys. Rev. E 61, 2471-2477
(2000).
[104] R. Z. Sagdeev, D. A. Usikov, and G. M. Zaslavsky, Nonlinear physics: from the pendulum to
turbulence and chaos, Chur, Switzerland; New York: Harvard Academic Publishers, 1988.
[105] E. P. Gross, Nuovo Cim. 20, 454 (1961).
[106] L. P. Pitaevskii, Sov. Phys. JETP 13, 451 (1961).
[107] R. K. Dodd, J. C. Eilbeck, J. D.Gibbon, and H. C. Morris, Solitons and Nonlinear Wave
Equations (Academic Press, New York, 1982).
[108] P. Villain and M. Lewenstein, “Fermi-Pasta-Ulam problem revisited with a Bose-Einstein
condensate”, Phys. Rev. A 62, 043601 (2000).
[109] Proceedings of the Nobel Symposia “Quantum Chaos Y2K”, Physica Scripta, T90, (2001).
[110] G. P. Berman, A. M. Iomin, A. R. Kolovsky, and N. N. Tarkhanov, On the dynamics of the
four-wave interactions in a nonlinear quantum chain (Report N-377 F, Institute of Physics,
Krasnoyarsk, 1986).
[111] G. P. Berman and N. N. Tarkhanov, Quantum dyanmics in the Fermi-Pasta-Ulam Problem
(Report 2004/05, Universita¨t Potsdam, 2004).
[112] G. Casati, B. V. Chirikov, F. M. Izraelev, and J. Ford, “Stochastic behavior of a quantum
pendulum under a periodic perturbation”, Lect. Notes in Phys. 93, 334-352 (1979).
[113] B. V. Chirikov, F. M. Izrailev, and D. L. Shepelyansky, “Dynamical stochasticity in classical
and quantum mechanisc”, Soviet Reviews, V. 2C, (1981) pp.209-267.
[114] F. M. Izrailev, “Simple Models of Quantum Chaos: Spectrum and Eigenfunctions”, Phys.
Rep. 196, 299-393 (1990).
47
[115] G. P. Berman, A. Smerzi, and A. R. Bishop, “Quantum instability of a Bose-Einstein con-
densate with attractive interaction”, Phys. Rev. Lett. 88, 120402 (2002).
[116] G. P. Berman and G. M. Zaslavsky, “Stochastic instability in a nonlinear quantum oscillator”,
Dokl. Akad. Nauk SSSR, 240, 1082-1085 (1978).
[117] G. P. Berman and G. M. Zaslavsky, “Condition of stochasticity in quantum non-linear sys-
tems”, Physica A, 91, 450-460 (1978).
[118] G. P. Berman and M. Vishik, “Long time evolution of quantum averages near stationary
points”, Phys. Lett. A 319, 352-359 (2003).
[119] G. P. Berman, F. Borgonovi, F. M. Izrailev, and A. Smerzi, “Irregular dynamics in a one-
dimensional Bose system”, Phys. Rev. Lett. 92, 030404 (2004).
[120] S. Flach and C. R. Willis, “Discrete breathers”, Phys. Rep. 295, 181-264 (1998).
[121] N. J. Zabusky and G. S. Deem, “Dynamics of nonlinear lattices I. Localized optical exci-
tations, acoustic radiation and strong nonlinear behavior”, Journ. Comp. Phys. 2, 126-153
(1967).
[122] P. Maniadis, A. V. Zolotaryuk, and G. P. Tsironis, “Existence and stability of discrete gap
breathers in a diatomic β Fermi-Pasta-Ulam chain”, Phys. Rev. E 67, 046612 (2003).
[123] A. J. Sievers and S. Takeno, “Intrinsic localized modes in anharmonic crystals”, Phys. Rev.
Lett. 61, 970-973 (1988).
[124] K. W. Sandusky, J. B. Pade, and K. E. Schmidt, “Stability and motion of intrinsic localized
modes in nonlinear periodic lattices”, Phys. Rev. B 46, 6161-6168 (1992).
[125] G. James, “Existence of breathers on FPU lattices”, C.R. Acad. Sci. Paris Se´r. I Math. 332,
581-586 (2001).
[126] G. P. Tsironis and S. Aubry, “Slow relaxation phenomena induced by breathers in nonlinear
lattices”, Phys. Rev. Lett. 77, 5225-5228 (1996).
[127] A. Bikaki, N. K. Voulgarakis, S. Aubry, and G. P. Tsironis, “Energy relaxation in discrete
nonlinear lattices”, Phys. Rev. E 59, 1234-1237 (1999).
[128] T. Cretegny, T. Dauxois, S. Ruffo, and A. Torcini, “Localization and equipartition of energy
in the beta-FPU chain: Chaotic breathers”, Physica D, 121, 109 (1998).
[129] E. A. Donley, N. R. Claussen, S. L. Cornish, J. L. Roberts, E. A. Cornell, and C. E. Wie-
man, “Dynamics of collapse and exploiding Bose-Einsten condensates”, Nature 412, 295-299
(2001).
48
[130] B. V. Chirikov, “Linear and nonlinear dynamical chaos”, Open. Sys. & Information Dyn. 4,
241-280 (1997).
[131] V. V. Flambaum and F. M. Izrailev, “Statistical Theory of Finite Fermi-Systems Based on
the Structure of Chaotic Eigenstates”, Phys. Rev. E 56, 5144-5159 (1997).
49
